Differential calculus
Ida Karimfazli

MATH10/
Fall 2015

Week 5 - Exercises
Oct. 13 & 15, 2015

Example 1.

d
Find el given that
dz

2.3
a. y=m°"

Solution:

% = ln(w)ﬂ“% (e’z?)

% = In(m)7" (3¢°2?)

% = In(m)7®" (3¢*2?)
b. y¢ =27

Solution:

) =2 ()

% (u) % =In(2) x2%, u=y

eu61% =In(2) x 2°

eyEI% =In(2) x 2°

dy _ In(2) x 2*

dx eyt

Alternative approach:

In(y®) = In(27)
eln(y) = z1n(2)
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dy _In(2)y
dr e

Note that the results of the two approaches are equivalent:

In(2) x 2*  In(2)y® In(2)y

eyefl eyefl e

c.y'==x

Solution:

In(y) = In(c)
xIn(y) = In(x)

d

o (zln(y) = In()

T in(y) + 1 (In(y)) = - (In(z)

dx T T

d du 1
1 x In(y) +I@(1n(u))@ = U=y

d. cos(my) = sin(3x)

Solution:

d d .
e cos(my) = %(Sln(?)x))

d
™ cos(u)% =3cos(3z), u=my

- sin(u)ﬁ = 3 cos(3x)

d(ry)

— sin(wy)W = 3 cos(3x)

d
- sin(wy)w% = 3 cos(3z)

dy _ 3cos(3x)
dr  msin(y)

yoa? b sin(z*)

3+ 4 et +y
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a and b are constants.

Solution:

( Yo ) (bz sin(w4))
n =ln|——
3 +4 er +y
In(y*2?) — In(Va3 + 4) = In(b” sin(z*)) — In(e* + y)

In(y°?) 4 In(2?) — In((2® + 4)*/?) = In(b*) + In(sin(z*)) — In(e” + y)
S5aln(y) +2In(z) — %ln(x?’ +4) = zIn(b) + In(sin(z*)) — In(e* + y)

0%(5aln(y))+di(21n($)) d ( In(z* +4))

x dx
d d . d o
@) + - (Infsin(") — - (n(e" +))
d duv 2 d (1 dv
@(5aln(u))% p 51 (v))%:
In(8) + o (ln(w) 5 — ()
dadu 2 1 dv
wdr oz 2vdr
ldw 1dp
In(b) wdz pds (1)

Here u = y,v = 23 + 4, w = sin(z?),p = e* + .

du_dy

dr dz

ZZ = dd$ (x +4) = 32°

W= L (sin(at) = @), U=
C;—Q: = cos(U)% = cos(m4)d—$4 = cos(z*)4a?

ldw 1dp
In(b) + —— — ——
n(b) wdr pdx
d 2 1
ba dy (32%) =

y dx+__2(x3—|—4)
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5a 1 d
gusr
y 4y dx
423 cos(xt e* 2 32
In(b) + — (z7) — -t —
sin(z?) e*+y x 2x3+4)
423 cos(xt e” 2 322
TR N P
dy sin(x?) e +y 1z 2x+4)
de 5a 1
Yy e’ +y

f. 27" logy (22 + 22)° = y&/25 + sin(x)

Solution:
In (2’62 logs (2 + 293)5) =1In <y v/ x® + sin(x))
In (2“2> + In (logg(2” + 22)°) = In(y) + In ( v/ x® + sin(aﬁ))

2*In(2) + In (5logg(z® + 22)) = In(y) + %ln (2° + sin(z))

% (3:2 1n(2)) + % (ln (5log3(;1:2 + 2x))) = dd (In(y)) + di (1 In (x + sin(x )))
d du d dv dw
In(2)2z + %(ln( >)dm = %(ln(v))dx ( ) -
In(2)20 + L0 Ldv 1 1dw )

wdr vdr @ 3wdr

Here u = 5logs(x? + 2x),v = y, w = x° + sin(z).

d_dy
dr  dr
du d ) _d dU B 9
= T (5logs(z* + 22)) = i (bU) — - U = logs(z® + 2x)
du dU d d av
=5—=5—(1 21)) = 1 — =22 +2
T 5d1’ 5d:£ (logs(z” + 2z)) dv(ogg(V)) I V=a"4+2z (3)

d d 1
Here we need to find W(logg(V)). Note that W(IH(V)) = So we need to find

what is the derivative of the logarithm function when the base is not e. Remember
that we can change the base of the logarithm:

logs(V) = —=5

Therefore we have
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Now we can calculate dv/dx. Plugging the above results in equation (3), we find:

du d dv 5 dV 5 d(z* + 2x) 5(2x + 2)
5 oy (V) o = 2 -

dx av dr  In(3)Vdr In(3)(x?+ 2x) dx In(3) (22 + 2x)
dw d, 5 4

prlal (x° 4 sin(z)) = bz + cos(z)

Now we can plug everything back in equation (2).

1du ldv 11 dw

In(2)2 B
n(2)2z + uwdr vdx + 3w dx
4
In(2)20 + —— 5(204+2) _ ldy (52" + cos(a))
5logs(z2 + 2x) In(3) (22 4+ 2x)  ydx  3(2® + sin(z))
dy _ 1 5(2z +2) (52t + cos(x))
dz <510g3($2 T @)@ 1 ) 3@ Fem(a) | AR
Example 2.
2sin(SF(G
Given F(z) = sin(5 F (x)))) find an equation of the tangent line to F(x) at z = 2.
x
Assume
F(1)=3, F2)=1, F(3)=2,
GI)=3, G2 =2 G@E)=1,
¢1)=2 C@=1 ¢@) =3

Solution: First let’s find the slope of the tangent line.

L <sin<%F<G<x>>>)

_ L,z (B0EF(GE@))r — Fsin(5F(G(x))
_ 2di(sin<%F(G(ﬂc‘))))x —sin(3F(G(x)))

Now we need to find i(sm(gF(G(x))))

dx
d . du T
T (in(F(G() = —=(sin(U) . U= SF(G(x))
= cos(U)g%(F(G(ﬂf)))
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So we have found an equation for dF'/dz.

dF _ & sm(3F(G)e — sn(3F(C())
dx 272
Zcos(5F(G(x)))G (2) F'(G(x))x — sin(FF(G(x)))

2

xr2

When z = 2 we have

= cos(ZF(G(2)))G'(2)F'(G(2)) x 2 — sin(ZF(G(2)))

F'(2) =2 52 - @ =200) =1
_ 3eos(3F(2) x 1 x F'(2) x 2 —sin(3F(2)) F2) =1
2 Y
_ 5 cos(G) x F'(2) —sin(%)
5 :
_ —sin(%) _ 1
2 2

So the slope of the tangent line is —1/2 and the point where we are finding the tangent
line is (2, F(2)) = (2,1). So the equation of the tangent line is

1
y—1l=-5(-2)



