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Abstract

This work is concerned with the calculation of the fundamental group of torus knots. Torus knots are
special types of knots which wind around a torus a number of times in the longitudinal and meridional
direction. We compute and describe the fundamental group of torus knots by using some concepts in
algebraic topology and group theory. We also calculate the fundamental group of an arbitrary knot by
using an algorithm called the Wirtinger presentation.
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Isoniséki (Yoruiba language)

Isé yii je ifokansi pelu isird ti awon egbé pataki itakun térdosi. ltakun térdosi jé orisii kan pataki nind
ati apéjuwe awon egbé pataki itakun térdosi nipase lilo die nind awon éro ind topdldgi ti ogibira ati die
nind awon éro ind igbimo egbé. A tin se isird awon egbé pataki ti itakun aldilégbé nipa lilo agdridiimu
kan ti a pe ni ighéjade Wirtinger.
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1. Introduction

A knot is an embedding of the unit circle S! inside the 3-dimensional Euclidean space, R3. A torus knot
is a special type of knot which lies on the surface of a torus. Specifically, consider the torus S x S!
embedded in R3 in the standard way. Let the map f : S' — S x S! be defined as f(z) = (2™, 2"),
where m and n are relatively prime positive integers. One can show that the map f is an embedding (see
Proposition 3.0.2). The torus knot K = K, ,, is defined to be the image of S' under the map f. The
knot K wraps the torus a total of m times in the longitudinal direction and n times in the meridional
direction, as shown in Figures 1.1 and 1.2 for the cases when (m,n) = (2,3) and (m,n) = (3,4).

Figure 1.1: (m,n) = (2,3) [4]. Figure 1.2: (m,n) = (3,4) [4].

When m = 2 and n = 3 as in Figure 1.1, the knot K = K> 3 is called a trefoil knot. We can also allow
negative values for m or n, but it will change the knot K to a mirror-image knot.

This work is concerned with the calculation of the fundamental group of K (that is, the fundamental
group of its complement, R3\ K, in R3), and the description of the structure of that group. Also, we
calculate the fundamental group of an arbitrary knot L, by using Wirtinger presentation.

1.1 Objectives of the Study

The objectives of this work are the following:

1. Compute the fundamental group of R?\ K, where K is a torus knot.
2. Describe the structure of the fundamental group of R3 \ K.

3. Compute the fundamental group of R?\ L, where L is an arbitrary knot.

1.2 Structure of the Essay

This work is divided into four chapters. In the first chapter, we introduce the topic, state the objectives,
and briefly review the literature. In Chapter 2, we study some concepts in group theory and fundamental
group. These concepts will be of great help in the understanding of this work. In Chapter 3, we compute
and describe the fundamental group of R\ K. Also, we make use of the Wirtinger presentation to
compute the fundamental group of R3\ L, for an arbitrary knot L. Finally, in Chapter 4, we give the
conclusion of the work.
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1.3 Brief Review of Literature

Many authors have discussed extensively on the theory of knot. Starting with the work of Martin
Sondergaard [1], he introduced basic knot theory, along with concepts from topology, algebra, and
algebraic topology, as they relate to knot theory. Then, Chiara and Renzo [12] presented geometric and
topological properties of torus knots. They used standard parametrization and symmetric aspects to
find new results on local and global properties of the knots.

In the shape of torus knots, elastic filaments have been studied in relation to bending and torsional
energy [2]. Examples of minimum energy configurations were also presented in [2] for both torus knots
and chain formed by linking two unknots. Also, in terms of Mobius energy, Kim and Kusner [10] used the
principle of symmetric criticality to construct torus knots and links that extremize the Mobius invariant
energy which was introduced by O'Hara and Freedman. It was described further in [10], the experiments
with a discretized version of the mobius energy which can be applied to the study of arbitrary knots and
links.

Torus knots have been found by Ricca [13] in the theory of integrable systems as solutions to differential
equations. He went further to use Hasimoto map to interpret soliton conserved quantities in terms of
global geometric quantities and he showed how to express these quantities as polynomial invariants for
torus knots. Also, in Maxwell's theory of electromagnetism, Kedia et al [9] constructed a family of null
solutions to Maxwell's equation in free space whose field lines encode all torus knots and links. They
went further to illustrate the geometry and evolution of the solutions and manifested the structure of
nested knotted tori filled by the field lines.

As phase singularities in optics, Irvine and Bouwmeester [6] showed how a new class of knotted beams of
light can be derived, and showed that approximate knots of light may be generated using tightly focused
circularly polarized laser beams. In fluid mechanics, Ricca et al [14] addressed the time evolution of
vortex knots in the context of Euler equations. They went further and found that thin vortex knots which
are unstable under the localized induction approximation have a greatly extended lifetime whenever Biot-
Savart induction law is used. Torus knots may also arise as colloids as stated in [18], and in many other
physical, biological and chemical context.



2. Preliminaries

In this chapter, we discuss some important concepts which will allow us to understand this work better.
In the first section, we recall some concepts in group theory. Then we introduce the notion of free groups
and presentations in Section 2.2. Section 2.3 deals with the free product of groups. Furthermore, in
Section 2.4, we give an introduction to the fundamental group of topological spaces, and we see what
it means for a topological space to deformation retract onto one of its subspaces in Section 2.5. Finally,
in Section 2.6, we state van Kampen's theorem. This theorem is useful in the computation of the
fundamental group of a topological space which can be decomposed into simpler spaces with known
fundamental groups.

2.1 Introduction to Group Theory

The goal of this section is to recall some concepts in group theory, such as normal subgroups, homo-
morphisms, kernels and quotients, abelianization of a group and many more.

2.1.1 Definition. A nonempty set G together with a binary operation
(r,y) »x*xy:GxG— G,

is called a group if the operation is associative, there exists an identity element, and every element of
G is invertible.

Sometimes, we write G instead of (G,x*) and zy instead of x *x y. Examples are (Z,+), (R,+), and
(R\ {0}, ). However, (R,-) is not a group since the inverse of 0 does not exist.

2.1.2 Definition. The order of a group G, denoted by |G| or ord(G), is the cardinality of G.

2.1.3 Definition. Let G be a group and let © € G. Then the order of z, denoted by ord(x) or |z|, is
the smallest integer m > 0 such that 2™ = e. If such m does not exist, then z is said to have infinite
order.

2.1.4 Definition (Direct product of groups). Let (G1,*) and (G2,¢) be groups, then (G1 x Ga,-),
called the direct product of G and Go, is a group with the binary operation (-) defined component-wise.
That is,

(x1,11) - (22,92) = (21 * T2, 91 0 y2), V21,29 € G1 and Yy1,y2 € Go,
where the Cartesian product, G1 X G4 is the underlying set.

2.1.5 Definition. A group G is said to be abelian or commutative if for all x,y € G, zy = y=x.

If a group is abelian, then direct product can be regarded as direct sum, and it is denoted by G1 & Go.
2.1.6 Definition. Let G be a group, then the torsion of G, denoted by Tor(G), is defined as

Tor(G) = {z € G| 2" = e,n € N}.
If all elements of a group G has infinite order except the identity element, then the group is said to be
torsion-free.
2.1.7 Definition. The center of a group G, denoted by Z(G), is defined as

Z(G) ={z € Glzy = yz, Yy € G}.

2.1.8 Subgroups. Suppose (G, *) is a group. All the subsets of G that form a group under x are called
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subgroups of G. Subgroup is usually denoted by ” < 7. If Gy is a subgroup of G5, we write G; < Gs.
2.1.9 Definition. [8]: Let G be a group, and let ) .S C G. Then S is a subgroup of G if

e cc S,
o Vx,ye S, xy €S,
e foreach x € S, 7! € S, where 27! is the inverse of .

2.1.10 Proposition. [8]: Let G be a group, and let H C G. Then H is a subgroup of G if and only if
H # 0, and for any z,y € H, zy~' € H.

The center of a group G, Z(G), is a subgroup of G. In fact, it is a normal subgroup of G as shown in
Example 2.1.23.
2.1.11 Definition. [11]: Let X be a subset of a group G. Then (X) is called the subgroup generated

by X, where (X) is the set of all finite products of elements of X. That is (X) = Hai\ a; € X} .
i=1

The set X is a basis of group (G, and hence the rank of G is the cardinality of X.

2.1.12 Definition. [11] A group G is said to be cyclic if it is generated by a single element. That is,

G = (x) = {z"|n € Z}, for some z € G.

If the operation defined on G is addition (+), then G = (z) = {nz|n € Z} as in the example below.
2.1.13 Example. (Z,+) is a cyclic group since it is generated by 1. Thatis Z = (1) = {n.1|n € Z},
wheren-1=1+1+---+1 (n-times).

Now, suppose we want to find the order of an element of a finite group, the following proposition says
that it is enough to find the cardinality of the cyclic group generated by that element.

2.1.14 Proposition. [8]: Let G be a finite group, and let = € G. Then ord(z) = |(z)].

2.1.15 Definition (Group homomorphism). [8]: Let (G,x*) and (H,¢) be two groups. A group homo-
morphism from G to H is a map f: G — H such that

flxxy) = f(z)o fly), Vo,y € G.

If further, f is bijective, then we say that f is an isomorphism. In this case, we say that G is isomorphic
to H, and this is written as G = H.

2.1.16 Definition (Cosets). [8]: Let H be a subgroup of a group G, and let x € G. Then the coset
xH is a subset of GG defined as
xH = {zh|h € H}.

The set zH as defined above is called left coset of H in G. We also have right coset of H, which are
subsets of the form Hxz = {hx|h € H}. So a coset can either be left coset or right coset.

2.1.17 Proposition. [3]: Let H be a subgroup of a group G. Then xH = H if and only if z € H.
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2.1.18 Definition. [11]: Let H be a subgroup of a group G. Then the index (G : H) of H in G, is
the cardinality of the set {aH|a € G}.

2.1.19 Example. If G is a group, then (G : 1) is the order of G. In this case, H = 1, and hence we
have that (G : 1) is the cardinality of the set {a|a € G}, which is the order of G.

2.1.20 Theorem (Lagrange's Theorem [11]). Let G be a finite group, and let H < G. Then
(G:1)=(G:H)(H:1).
2.1.21 Corollary. [8]: Let G be a finite group, and let x € G. Then ord(z) divides ord(G).

Proof. By definition of (x), we have that (x) is a subgroup of G. Also, by Lagrange's theorem,
(G:1)=(G:H)(H:1). Thatis

ord(G) =t -ord((x)) =t - ord(z),
where t = (G : H). Hence ord(z) divides ord(G). O

2.1.22 Definition (Normal Subgroup [11]). Let G be a group, and let N be a subgroup of G. Then
N is a normal subgroup of G, denoted by N <G, if and only if gNg~! = N, for all g € G.

This means that a normal subgroup of a group G is a subgroup which does not change under conjugation
by elements of G. To show that IV is a normal subgroup, it is enough to show that gNg~! C N, for all
g € G. Thatis, gng~! € N for all g € G, and for all n € N. This is because N C gNg~! always, this
can be seen by taking g to be the identity element of G.

2.1.23 Example. The center of a group G, Z(G), is a normal subgroup of G. This is because if g is
an arbitrary element in G, and z € Z(G), then

gzg~t = 299" (since z € Z(Q)) = z € Z(G).
2.1.24 Kernels and Quotients. Suppose GG and H are two groups, and f is a group homomorphism

from G to H. Then the kernel of f, is the set of all elements in GG that are mapped to the identity
element in H.

2.1.25 Definition. [11, 8]: Let f: G — H be a group homomorphism. Then the kernel of f, denoted
by ker(f) is

ker(f) =A{z € G|f(z) = e},
and the image of f, denoted by Im(f) is

Im(f) ={f(z) € H|z € G}.
2.1.26 Definition. Let G be a group, and let N < G. Then the quotient group (also known as factor
group) of N in G, written as G/N or % is the set of all cosets of N in G. That is

G/N = {gN| g € G}.
All elements of G/H are of the form gH for some g € G, and the identity element of G/N is N.
2.1.27 Definition. [8] Let G be a group and let x € G. Then y € G is said to be a conjugate of x if
y = grg~ ', for some g € G.

2.1.28 Theorem (First Isomorphism Theorem [8]). If ¢ : G — H is a homomorphism. Then

G
ker¢<1G and @ = /m(¢)
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2.1.29 Commutator Subgroup. The commutator subgroup of a group G, also known as derived
subgroup of G, is important because it is the smallest normal subgroup such that the factor group of
G by this subgroup is abelian.

2.1.30 Definition. Let G be a group, and let =,y € G. Then the commutator of = and y is zyz !y ~!.

2.1.31 Definition. [15] Let G be a group. The commutator subgroup of G is the subgroup generated
by the commutators of its elements. It is denoted by [G, G].

2.1.32 Abelianization. Generally, groups are not abelian. But there is always a group homomorphism
¢ : H — H' to an Abelian group. This homomorphism is called abelianization. The homomorphism is
described by its kernel, the commutator subgroup [H, H|, which is the unique smallest normal subgroup
of H such that H' = H/[H, H]| is Abelian [16].

2.1.33 Example. Let G be a group generated by x and y. Then the Abelianization of G is given as

’ G _ (z,y)
“ =166~ gy Ty

S . . G .
In short, the abelianization of a group G, is the quotient group m where [G, G] is the commutator

subgroup of G.

2.2 Free Groups and Presentations

This section is about group presentation, (X|R), where X is the set of all generators of the group, and
R is the set of the relations. Naturally, many groups arise in this form in algebraic topology, so we need
to recall them. A group of the form (X]|), that is, no relation, is called a free group.

2.2.1 Definition. Let X be a set. A word over X is a sequence w = wiwsy ... wy, n >0, w; € X. In
this case, the length of the word is n. When n = 0, we have an empty word, denoted by e.

2.2.2 Definition. Let A and B be two sets. The disjoint union of A and B, denoted by, AIl B is the
set

(Ax {0} U (B x {1}).

If A and B are groups, we define A x B to be the set of all words w; ...w,, n > 0, on the alphabet
ATl B such that adjacent letters w; and w; 1 are from different groups. Then words of this form are
called reduced words.

2.2.3 Example. Let Z, = (z), and Z, = (y). The word z?yz~1z% is not reduced, and hence the

reduction of this word will be z2y2® € Z, L.

2.2.4 Definition. [19]: A group F is said to be free if there is no relation between its generators except
the relationship between an element and its inverse.

This means that, in free groups, relators are of the form abb~'a~".

2.2.5 Definition. [5]: Let X be a subset of a group F. Then F'is free on X if for any group G and
any map f: X — G, there exists uniquely a homomorphism f’': F — G with f'(x) = f(x), Vz € X.
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2.2.6 Proposition. [5]: Let G be any group. Then G is isomorphic to a quotient group of a free group.

Proof. Let A C G such that G = (A). Then the map f: A — G extends to f' : F4 — G, where F
is a free group on A. The group G = (A) implies that f’ is surjective. Hence, by first isomorphism
theorem, Fy/ker f/ = G. O

2.2.7 Definition. [7] Let X be a set, F' the free group on X, R C X, N a normal closure of R in
F, and G the quotient group F'//N. Then G = (X|R) is a presentation of G. Elements of X are the
generators and elements of R are called the relators.

2.2.8 Definition. [7] Let G be a group. Then G is finitely presented if it has a presentation with both
X and R finite.

2.2.9 Remark. [7]: Sometimes, we replace R in (X|R) by R =1, i.e {r = 1|r € R}, called defining
relations for G.

2.2.10 Example. 1. Let A be a set. Then (A| ) is a presentation of the free group of rank |A].

2. (z,y|z3,y*) can also be written as (z,y|2z® = 1,y* = 1).

(a,bla*, b3) 413 A L
3. v = (a,blat, b7, (ab)?) = (a,bla* = b* = 1,ab=0b""a™").
((ab)?)
4. 7Z = (x| ), and Z, = (z|z™ = 1). The reason why the group (x|z" = 1) = Z,, is because
(zla" =1) = {Lz,2%2°,... 2"} = Zp.

2.2.11 Example. [5]: (z,y|[z,y]) = (z,ylay = yx) = Z X Z. In general, if there are n generators,
then the group
(1,...,xn|[s, 5], 1 <i < j<n)=7Z"

2.2.12 Proposition. [5] All groups have presentations.

Proof. Let G be a group, A C G be a set of generators of GG, and f’ : F4 — G. Then by Proposition
2.2.6, we have that
G = Fy/ker f.

Fa__ @A _ gy, O

Let R C ker f’ such that ker f = (R). Then, we have that G = ker /' (R)

2.3 Free Product of Groups

The operation which takes two groups Hy and H» to form a new group Hix Hs is called free product. It
is important in algebraic topology because of Van kampen's theorem, which expresses the fundamental
group of the union of two open and path-connected spaces whose intersection is also open and path-
connected as a combined free product of the fundamental groups of the spaces.

2.3.1 Definition. Let G; and G5 be groups. Then the free product of G; and G5, denoted by G1xGo
is defined as
G1 x Gy = {z|z is a reduced word in the alphabet G| I1 G5}.
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We define the binary operation (-), also know as concatenation, on G x G2 as follows

‘:Gl*GQXGl*GQ — Gl*GQ

(w,z) = w-z=wz.

2.3.2 Proposition. (G x G, ) is a group.

Proof. First of all, we have to show that G x G # (), then we will show that (G * G, -) satisfies all
the conditions stated in Definition 2.1.1. The set G x G5 # () since G1 and G are not empty because
they are groups. Now let z =1 ...2, Yy =yY1...Yn, and z = z1...2zs € G1 * G2. We want to show
that (x-y) -z =ax-(y-z). Thisis a bit tricky because we do not know whether z,4; and y,z; are
reduced or not. Without loss of generality, we suppose that x,y; is reduced and y,21 is not reduced.
Let the reduction of z,y; be w. Then

(x-y) z2=(T1. . TpY1 - Yn) 21+ 25 = X1 .o . Tp_1WY2 ... Yp21 - - - Zs.

So, we have that

x-(y-z) = x1...20-(Y1.--YnZ1...2s)
= X1---TyYl1.-.-YnZ1...%5
= T1..-Ty—1WY2...Ynz1...%2s
= (z-y) 2
The identity element here is the empty word, e, since for any x € Gy *Gs, x-e=e-x = .

Let w = wy ... w, € Gy *x G be arbitrary, and let w~! be the inverse of w. Then by definition,

w~w_1:w1...wr-w_1:e — w_lzwr_l...wfl.

1

Thus for any w = wy ... w, € G1 * Ga, the inverse of w is w, . ..wl_l. Hence G1 % G is a group. [

2.3.3 Proposition. [4] Let A and B be groups, and let « € Tor(A x B), then

r=yzy ',

where z € Tor(A) or Tor(B), and y € A B.
This means that all torsion elements of the group A x B are conjugates of torsion elements of A or B.

Proof. We will prove this by induction on the length of the word. It is true for empty word( that is, a
word of length 0), since

er = eGe6517
where e is the empty word in Tor(A x B), e is the empty word in A x B, and e is the empty word in
Tor(A) or Tor(B).

It is also true for a word of length one since, for example if w; € Tor(A x B) is a word of length one,
then wy € A or B, and

w) = eq, for some p € N.

Also w; can be written as eqwieg'. Since w} = eg, then we have that w; € Tor(A) or Tor(B).
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Now, we assume that w = wy ... w, € Tor(A* B) is of length n > 1 and that the statement holds for
all words of length k < n. Since w € Tor(A % B), then

w? = eq, for some ¢ € N.

This implies that w,uw1 = e = w, = wl_l. Hence w must be of the form wjws . ..wn_lwl_l. But
then wsy ... wy,—1 is a word of length n — 2 < n. Hence by induction hypothesis,

ws ... wp_1 = vgv ', for some g € Tor(A) or Tor(B), and v € Ax B.

1

Thus w = wivgv™ wl_1 = wvg(wiv) L. Hence the statement holds. O

Having studied these concepts in group theory, we now discuss some important concepts in algebraic
topology which would be needed to compute the fundamental group of torus knots which we will see in
the next chapter.

2.4 Introduction to Fundamental Group

This section gives an introduction to the fundamental groups of a topological spaces. We begin by
introducing the terminologies adopted and then a few general result is stated.

2.4.1 Definition. Let X and Y be topological spaces, and let f : X — Y be a bijection. If both f and
the inverse of f, f_l, are continuous, then X is said to be homeomorphic to Y, written as X =Y.

The condition that f is continuous means that for all open set U of Y, f~1(U) is open in X.

2.4.2 Proposition. [1]: Let p € S™ be (0,0,...,1) € R**L where S" = {(21,...,7ns1) € R*H2? +
-4 a2, = 1}. Then the stereographic projection ¢ : S\ p — R" given by

1

m(ﬂ?l, e 7.’En),

¢($17 LI 7xn7xn+1) -
is a homeomorphism.

2.4.3 Homotopy Type. In general topology, X =Y if X 2 Y, where X and Y are topological spaces
but in algebraic topology, we have a weaker notion of equality called homotopy equivalence, denoted by
“~7 Onereads X >~ Y as X is homotopy equivalent to Y.

2.4.4 Definition. [20] Let X and Y be topological spaces and let f,g: X — Y be continuous maps.
We say that f is homotopic to g and we write f ~ g, if there exists a continuous map F': X x[0,1] - Y
such that

F(z,0) = f(z) and F(z,1) = g(z), for all z € X.

The continuous map F'is called a homotopy from f to g. We can consider a homotopy as a continuous
deformation of the map f to the map g, as t denotes the time from 0 to 1.

2.4.5 Definition. Let X and Y be topological spaces, and let f : X — Y. We say that f is homotopy
equivalence if there exists another map g : Y — X such that gf ~ Idx and fg ~ Idy.
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The spaces X and Y are homotopy equivalence (or have the same homotopy) if there is a homotopy
equivalent between them, and we write X ~ Y.

2.4.6 Example. The unit disk D™ ~ {(0,0,...,0)}, n > 0. To see this, we define the map f: D" —
{(0,0,...,0)} by f(z,y) = (0,0,...,0), and g:1{(0,0,.. )} — D? by ¢(0,0,. 0) (0,0,...,0).
Of course fg = Idy(o,0,....0)} because fg(0,0,...,0) = (( .,0)) = (0,0,...,0). We define the
homotopy from gf to Idpn by F(z,t) = (1 —t Vgf(z) + tx, for aII x € D"

),

Since F(z,0) = ¢gf(x), and F(z,1) = =z = Idpn(z
D™~ {(0,0,...,0)}.

Similarly, for all n > 0, R" ~ {(0,0,...,0)}.

then we have that gf ~ Idpn. Therefore

2.4.7 Definition. A topological space Y is contractible if it is homotopy equivalent to a point, pt.

As we have seen in Example 2.4.6 above, D™ ~ pt = {(0,0...,0)}. Hence the space D" is contractible.
Similarly, R™ is contractible for all n > 0.

2.4.8 Definition. Let Y be a topological space. A path in Y is a continuous map « : [0,1] — Y. The
starting point is «(0) while the ending point is «(1). If «(0) = (1), the path becomes a loop.

2.4.9 Definition. Let Y be a topological space and let o, 5 : [0,1] — Y be paths in Y such that
a(l) = (0). Then the path « - (3 defined by

a(2s) if s € [0, 3]

(- B)le) = {5(23— 1) if s € [3,1].

is called the composition of o and 3. Geometrically, o - 8 can be viewed as the concatenation of paths
«a and S.

2.4.10 Definition. Let y € Y. The path ¢, : [0,1] — Y defined by ¢,(s) =y, Vs € [0, 1] is called the
constant path at y.

2.4.11 Lemma. [17]: Letz,y € X, and let o : [0,1] — X be a path such that «(0) = z, and a(1) = y.
Then o~ ¢, -aand a ~ o - ¢y.

2.4.12 Definition. Let «: [0,1] — Y be a path. The path & : [0,1] — Y defined as a(s) = a(1 — s),

for all s € [0,1] is called inverse path of a.

The fundamental group is defined in terms of loops and deformation of loops. More generally, it is useful
sometimes to consider paths and deformation of paths. The idea of deforming a path continuously in
which its endpoint is fixed is given in the following definition.

2.4.13 Definition. Let o, 3 : [0,1] — Y be paths such that a(0) = £(0) and (1) = B(1). Then «a is
homotopic to 3 if there exists a continuous map F': [0, 1] x [0,1] — Y such that

e F(s,0)=a(s) and F(s,1) = 5(s), Vs.
e F(0,t) = (0) and F(1,t) = a(1), V.

2.4.14 Lemma. [17]: Let o, 8,¢/, 8" : [0,1] — X be paths such that a(0) = &/(0), a(1) =d/(1) =
B(0) = 5(0), and B(1) = '(1). f a ~a' and B ~ ', then a- B~ - 3.
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2.4.15 Lemma. [17]: Lety € Y and let a : [0, 1] — Y be a path such that a(0) = z. Then a-a ~ ¢,
and a-a ~ cg.

Let Y be a topological space and let y € Y be the basepoint of a loop or. We define 71(Y, y) to be the
set of homotopy classes [a] of loops in Y at y.

2.4.16 Lemma. [17]: Let X be a topological space, and let a, 3,7 : [0,1] — X be paths in X such
that (1) = 5(0), and (1) = v(0). Then a- (B-7) ~ (- B) - 7-

2.4.17 Proposition. [4, 17]: The set m1 (Y, y) is a group with respect to the operation [a] - [3] = [« ].
Proof. First of all, let us show that the product [a]-[5] = [ 3] is well defined. Suppose that «, o, 3, 5’

are loops in Y such that « ~ o/ and 8 ~ /. Then by Lemma 2.4.14, we have that a- 3 ~ o' - f3'.
Hence the product [a] - [3] = [« - 8] is well defined.

Let [o], [B] € m1(Y,y). Then [a] - [8] = [+ ] € m1(Y,y) since by definition of composition, « - 5 is a
loop in Y.

The identity element is [¢,] by Lemma 2.4.11. Also, for any [a] € m1(Y,y), the inverse of [a] is [@]
because a- @ ~ ¢y and @ - o ~ ¢, by Lemma 2.4.15.

It is only left for us to show associativity. From Lemma 2.4.16, we have that o« (8- 7) ~ (a - 3) - 7.
This implies that [a- (8- )] = [(a - B) - 7]. Hence

(la] - 18]) - ] = ([ B) - W] = [ - B) - Al = |- (B- )] = [a] - ([B-71) = [a] - (18] - [Y])-

Therefore the group operation is associative. Hence, 71 (Y, y) is a group. O

The group 71 (Y, y) is called the fundamental group of Y relative to the base point y.

2.4.18 Proposition. [4, 17]: Let X and Y be topological spaces, and let (z,y) € (X,Y). Then

7T1(X X Y) = 7T1(X) X 7T1(Y).

Now, we will look at the dependence of 71(X, z) on the choice of the basepoint x. We suppose that
Y is a topological space, and yi,y2 € Y. Let v : [0,1] — Y be a path from y; to ys. Define
Yy s m(Yoy1) = m(Y,y2) by

y(la]) =7 -a-7].
2.4.19 Proposition. [4, 17]: The map 1, defined above is an isomorphism.
So we conclude that if Y is a path-connected space (that is, for any y1,y2 € Y, there exists a path

from y; to y2), the group m1(Y,y) is up to isomorphism, independent of whatever choice of basepoint
y. In this case, m1(Y,y) is often written as 71(Y").

2.4.20 Theorem. [4]: The fundamental group of a circle is Z, that is, 1 (S') = Z.

There are different ways of finding the fundamental group of a topological space. For example if X 2 Y,
then 71 (X) = 71(Y). This is what we will be discussing for the rest of this chapter. We begin with
the induced homomorphism and deformation retraction, and then we state van Kampen's theorem and
give its application.
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2.5 Induced Homomorphism and Deformation Retract

A continuous map from a topological space into one of its subspaces where the position of all points
of the subspace is preserved is called a retraction. In what follows, we give a formal definition of a
deformation retraction. We begin with the notion of the induced homomorphism.

2.5.1 Definition (Induced homomorphism). Let f: (X,z) — (Y,y). Then the map
f*:ﬂ-l(f) = 7T1(X,$) — 7'['1(Y,y)
[a] = [foal.

is called the homomorphism induced by f.

From this definition, we see that f. is a group homomorphism since for [a],[8] € m1(X), we have
fellad - [8]) = fi(la- B]) = [f o (- B)]. But then
a(2s), if s € [0, %] _ {f oa(2s), if s €0, %]

fo(a'ﬁ)(s):fo{ﬁ(zs—n, if s € [1,1] fops—1), fsedy oo

filla] - [B) = [fe(a-B)=[(foa) - (foB)l=[foa]-[foB] = fila]) f([B])-

Also m1(Idx) = Id,, (x) since for [a] € m1(X), 71 (Idx)[a] = [Idx o a] = [a] = Id,, (x)[a]-
2.5.2 Proposition. Let X and Y be topological spaces. Suppose X =Y, then m(X) = (V).
Proof. Suppose X 2 Y, then there exists a bijection f : X — Y such that f and g are continuous,

where g is the inverse of f. Let f, : m1(X) — m1(Y) be the induced homomorphism as in Definition
2.5.1. Also, let g, : m1(Y) — m1(X) be the homomorphism induced by the map g: Y — X.

Since f is a bijection, then f o g =1Idy, and g o f = Idx. Therefore,
g«fs = (9o fle=m(go f)=m(ldx)=Idy(x), and
fege = (fog)e=m(fog)=m(dy)=Id(y).
Hence f. is a bijection, and therefore f, is an isomorphism. This then implies that 71 (X) =2 w1 (Y). O

Even if X is just homotopy equivalent to Y, we will have 71 (X) = m(Y) as stated in Theorem 2.5.4
below

2.5.3 Proposition. [4] If f: X — Y is a homotopy equivalence, then the induced map 71 (f) = fi :
m1(X,z) = m (Y, f(z)) is an isomorphism for all x € X.

2.5.4 Theorem. [4] Let X and Y be spaces. Assume that X is homotopy equivalent to Y. Then
m(X)2m((Y). Thatis X ~Y = m(X) 2 m(Y).

Proof. This follows immediately from Proposition 2.5.3 above. O

2.5.5 Example. If X is contractible, then 71 (X') = 0 by the previous theorem. For instance, 7 (R™) =0
and m(D™) = 0 (R™ ~ pt and D™ ~ pt by Example 2.4.6).

2.5.6 Definition (Deformation Retract). Let X be a space, and let A C X. We say that A is a retract
of X if there is a continuous map r : X — A, called retraction, such that 7|4 = Id4. If in addition
ior ~ Idx, then we say that A is a deformation retract of X. (Here i : A — X is the inclusion map).
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Note that the concept of retract is not the same the same as the concept of deformation retract. By
definition, any deformation retract is a retract. But the converse is not true. Namely, take X = S' and
A ={(1,0)}. Itis clear that A is a retract of X. But by the following theorem, A is not a deformation
retract of X.

2.5.7 Theorem. [4] Let X be a topological space, and let A C X. Assume that X deformation retracts
onto A. Then the inclusion i : A — X induces an isomorphism i, : w1 (A) — w1 (X).

Proof. Since A is a deformation retract of X, we have that 7|4 = Id4 and tor ~ Idx, wherer : X — A
is the retraction. The equality r|4 = Id4 is the same as r o i = Id4. This implies that 7 oi ~ Id4 and
tor ~ Idx. Hence i is a homotopy equivalence. Therefore, i, is an isomorphism by Proposition 2.5.3
above. O

2.5.8 Definition (Mapping cylinder). Let f : X — Y be a map. Then the mapping cylinder of
f, denoted by My, is the quotient space of the disjoint union (X x I)II'Y under the identification
(,0) ~ f(z),Vz € X.

This means that the mapping cylinder of a map f: X — Y/, is obtained by gluing X x {0} to Y via f.

2.5.9 Proposition. Let f : X — Y be a continuous map. Then the mapping cylinder of f deformation
retracts onto Y.

Proof. By definition of My, we see that Y is a subspace of M. Define the map r : My — Y by
r([(z,t)]) = f(z), z€ X,t €I and r(y) =y, y € Y. Then r is continuous since f is continuous and
y is a polynomial. Moreover
rly(y) =y, Yy eY.
Hence, Y is a retract of M. Now, to show that Y is a deformation retract of M, we need to show that
ior ~ Idpsy, where i : Y — M is the inclusion map. So we need to find a homotopy F': My x 1 — M;
such that
F(a,0) =ior(a), and F(a,1) =a for all a € Mjy.

Define F'([(x,t)],s) = [(x,t - s)] (The point of Y stay fixed during the homotopy). This is well-defined
since [(z,0)] = [(x,0- s)] for all s. Now let a = [(x,t)] € My be arbitrary, then

F(a,0) = F([(z,1)],0) = [(2,0)].
But
ior(a) =ior([(z,t)]) =i(f(x)) = [f(x)] = [(x,0)] (since (z,0) ~ f(x) from Definition 2.5.8).
Thus F(a,0) =ior(a). Also
Fla,1) = F([(z, ), 1) = [(z,8)] =

Hence F' is the desired homotopy. Thus, the mapping cylinder of f deformation retracts onto Y. [

2.6 Van Kampen’s Theorem

Computing fundamental group of a very large space may be difficult. But then, van Kampen's theorem
gives a way of computing fundamental group of a space (large or not) which can be decomposed into
simpler spaces whose fundamental groups are known already. We recall from Section 2.3 that the free
product notation is “x”.
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2.6.1 Theorem (van Kampen's Theorem [4]). Let X be a topological space, and let U,V be open
subsets of X such that X = U UV . Assume that the basepoint to € UNV, and U,V,U NV are path
connected. Consider the following diagrams:

Unv U (U NV) m(U)

Take m to get . .
L o8 12 h

J2

Then

1. the canonical map ¢ : m (U) x w1 (V') — m1(X) is surjective, and
2. ker(¢) is the normal subgroup N generated by i1(g)ia(g) ™t € m(U) xm(V), g € m(UNV).

7T1(U)*7T1(V)'

Hence, by the first isomorphism theorem, we conclude that 7 (X) = N

The proof of this theorem can be found on page 44 of the book of Hatcher [4]. In what follows, we use
van Kampen's theorem to compute the fundamental group of wedge of two circles.

2.6.2 Example (Wedge of two circles). We assume that X and Y are two circles . Let x¢ and yo be
the basepoints of X and Y respectively. Then, the wedge of X and Y, written as X VY, is obtained
by identifying these two basepoints. This scenario is illustrated in the diagram below

Basepoints New basepoints

m | " ‘Sl ) ‘Sl :

Now, we will use Van Kampen's theorem to compute its fundamental group. We let

So, U and V are open and path-connected, o € UNV, UNV is path-connected, and S'vS! = UUV. We
see that U ~ S, hence m(U) = m1(S') = Z. Also V ~ St hence (V) = Z. Since UNV =~ {x¢},
it follows that 71 (U N'V') 2 0. Hence Van Kampen's theorem says that
7'['1(U) *7T1(V)
—

If g € 1 (UNV), then g = 0. Hence i1(g) = e1. Similarly, ia(g) = e2. So i1(g)ia(g) ™! = ere2 = e, the

m (St v Sty = (2.6.1)
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empty word in 71 (U) xm1 (V). But N = (i1(g)i2(g9) ') = (e). Thus N =2 0. Hence (2.6.1) implies that
(ST Vv S 2 (U) x 7 (V) 2 Z+ Z.

2.6.3 Example. 71(S™) =20, n > 2. We suppose that U = S"\{(0,...,1)}, and V = S™"\{0,...,—1}.
Hence UNV = S™\ {(0,...,1),(0,...,—1)}. By this decomposition, we see that U, V, and U NV
are open and path-connected. We also have that 5" = U U V. Let 9 € UNV, then by van Kampen's
theorem, we have that

7T1(U) * 7T1(V)

— N

But by Proposition 2.4.2, we have that U = R3. Hence m(U) & 7m1(R3) = 0. Similarly, 71 (V) = 0.
Therefore

7T1(Sn) =

m1(S™) = 0.

Having studied these concepts in group theory and fundamental groups, we will now compute and
describe the fundamental group of torus knots in the next chapter.



3. The Fundamental Group of Torus Knots

The knot group of any knot is the fundamental group of the complement of the knot. So, to find
the fundamental group of torus knots, it is as good as finding the fundamental group of the knots’
complements. The goal of this chapter is to compute the knot group of torus knots, to describe the
structure of the group, and finally to compute the knot group of an arbitrary knot. Throughout this

chapter, we will use the standard notations “ ~ 7, and “ = ” for "homotopy equivalent to” and
“homeomorphic to" respectively. We start with the following definitions.

3.0.1 Definition (Knot). A knot is an embedding f : S1 — R3 of the unit circle inside R?

We recall that a map f : X — Y is an embedding if f : X — f(X) is a homeomorphism. The map
f: X — Y needs not be a homeomorphism. But the map from X to f(X) that sends = to f(x) is a
homeomorphism. If f: X — Y is an embedding, then in particular f : X — Y is injective.

Consider the standard embedding of the torus St x 81 in R3. So St x St C R3. Also, consider the
map f: S' — S x S! defined by f(z) = (2™, 2").

3.0.2 Proposition. [1]: The map f : S — S! x S! defined by f(z) = (2™, 2") is an embedding if
and only if ged(m,n) = 1.

Proof. The map f is continuous since its components are polynomial functions. Since S' is compact
and S' x S' is Hausdorff, then f is an embedding if it is injective. So we will prove that f is injective
if and only if ged(m,n) = 1.

Suppose that gcd(m,n) = 1. We want to show that f is injective. Let z,w € S!, and let 0,60' € [0,1)
such that z = 2™ and w = e2™¥ . Suppose that f(z) = f(w), then

. . Iy 21
(Zm’ Zn) — (wm7wn) s <e27r19m’ eQmGn) — (627”9 m’ 627”0 n) ]

This implies that e270m — e2mif'm gnd e2mifn — o2mi'n  Hence we have that
e2mifm . ,
it 1 = 2™m0-9) — 1 — m(0—0') € Z (Assuming 0 > 0).

Similarly, n(f — #") € Z. It then follows that § — 6’ = %, where p and ¢ can be chosen such that

ged(p, q) = 1. Hence glm and ¢|n. But ged(m,n) = 1. Hence ¢ = 1, and thus § — 6’ = p € Z. By our
assumption, § — 6’ >0, and 6,0’ € [0,1). Hence # — ¢ =0 —> 6 = §'. Therefore

5 = 627”'9 — 627ri9/ — .
Hence f is injective.
Conversely, suppose that f is injective. We want to show that ged(m,n) = 1. Suppose by contradiction

that ged(m,n) =d > 1. Then é € (0,1), and %, % € Z. Thus

)

(e2m7ri €2n7ri) _ (e(QmTri)/d’e(QnTri)/d) _

This implies that f is not injective. Hence, a contradiction. So we must have that ged(m,n) =1. O

From now on, we will assume that ged(m,n) = 1.

3.0.3 Definition (Torus knots). The map f : St — S x S, defined by f(z) = (2™, 2") is a knot by
Proposition 3.0.2. This knot is called torus knot. We identify f with its image, say K. So K := Im(f).

16
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3.1 Calculating the Fundamental Group of R*\ K

It is slightly easier to compute 71 (R3\ K) if we replace R? by its one-point compactification, 3. So to
compute 71 (R?\ K), we will first show that 71 (R?\ K) = 71 (S® \ K), then we will show that S3\ K
deformation retracts onto a 2-dimensional complex X = X, , which is homeomorphic to the quotient
space of a cylinder S! x I under the identifications (z,0) ~ (e%z,O) and (z,1) ~ (e%z, 1), and lastly
we will compute 71 (X). We can then conclude that 71 (R3 \ K) 22 m(S? \ K) = 71 (X).

3.1.1 Proposition. The fundamental groups of R?\ K and S3\ K are isomorphic.
Proof. Let ¢ : S3\ p — R3 be the stereographic projection as in Proposition 2.4.2, where p is the north
pole. We first show that ¢~ !(K) = K. To show this, define f : K — ¢~ 1(K) by f(2) = ¢~!(2), and

frt:i¢ Y (K)— Kby f~1(2) = ¢(z). The maps f and f~! are continuous since ¢ is a homeomorphism
as stated in proposition 2.4.2. And since

Fof™H(z) = f(6(2)) = 671 (9(2)) = 2 = ldg11x0),

Fhof(2) = F7H97H(2) = 6(¢71(2)) = = = Idk,

then we conclude that f is a bijection. Thus ¢~ !(K) = K. Also, by taking n = 3 in Proposition 2.4.2,
one has S%\ {p} = R3.

Next, we will use Van Kampen's theorem to show that 71(S%\ K) = m(R?\ K). To do this, we
suppose that Bj is a large closed ball in R? which contains K. Define B = ¢~ 1(R?\ By) U {p}, then

SN THK) = ((S*\{p}) \ ¢~ (K)) UB. (3.1.1)
But then, S3\ {p} = R3, and ¢ 1 (K) = K, hence (3.1.1) becomes
S3\ K =~ (R*\ K)UB. (3.1.2)

The space B = ¢~ 1(R®\ By) U {p} = (R3\ B;) U {p} since s~ *(R3\ By) = R3\ B;. Thus,
(R3\ K)N B = S x R as illustrated in Figure 3.1. Certainly, R®\ K, B and S? x R are open and

Bl K R:{ \ Bl R:{ \ K

O a00: -

Figure 3.1: BN (R3\ K).
path-connected. Let xy € S? x R be the basepoint. Then by van Kampen's theorem, we have that

71 (R3\ K) x71(B)

m(5*\ K) = )

(3.1.3)

where N is the normal subgroup generated by i1(g)ia(g)~" € m(R3\ K)x m1(B), g € m1(5% x R).

But 71 (S? x R) = 71(52%) x 71 (R) by Proposition 2.4.18. Also by Examples 2.5.5 and 2.6.3, we have
that m1(S?) = 0 and 71 (R) = 0. Therefore 71(5? x R) = 71(5?) x m(R) = 0 x 0 = 0. Hence if
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g € m(S? x R), then g = 0. Thus i1(g)ia(g)~* = e, the empty word in 71 (R?\ K) % 71 (B). Therefore
N = (i1(g)i2(g)~1) = (e) = 0. Also, since B is a ball, then m1(B) =2 0. Hence (3.1.3) becomes

(S \ K) = m (R \ K). (3.1.4)

O

3.1.2 Deformation Retraction of IR® \ K onto a 2-dimensional Complex, X. The next thing we
will do is to show that S3 \ K deformation retracts onto a 2-dimensional complex X = X, , which is

2mi

homeomorphic to the quotient space of a cylinder S* x I under the identifications (z,0) ~ (e z,0)

and (z,1) ~ (e%z, 1). This will allow us to conclude that 71 (S3 \ K) 22 71(X) as shown in Theorem
257.

First of all, we need to define the space X = X,, ,. But before then, we will define the space X, and
X, as follows. We regard S3 as S3 = (S x D?) U (D? x S!). Let us identify the first solid torus,
S x D?, with the compact region of R3 bounded by the standard torus S x S' containing K. The
second torus D? x S! is then the closure of the complement of the first solid torus, together with the
compactification point at infinity.

Consider the first solid torus, and let z € S!. Then, one has the meridian disk {z} x D?. Since

f: St — S x S! (this is the map that defines K) is an embedding, and since K winds around

the torus a total of m times in the longitudinal direction, the knot K intersects the meridian circle

{x} x OD? in m equally spaced points, say P, P,...,Py. Fori € {1,...,m — 1}, let Pi(i41) be

the mid-point of the arc PP, 11, and let P,,; be the mid-point of the arc P,,P;. See Figure 3.2 for

the case when m = 3. Consider the line segments OF;(;;1), 1 <i < m — 1, and OFy,;. Define S,
Py

P Py

Py
Figure 3.2: The case when m = 3.

by S, = <'U10Pi(i+1)) U OP,,1- In other words, S, is the union of all those line segments. Now,
1=

define X, = UslSm. The space X, is the space traced out by the line segments when x runs over
e
S1. Similarly, by considering the second solid torus D? x S!, one defines X,, as X,, = U 1Tz. Now, we
zeS

define the space X as
X = X U X (3.1.5)

By this definition of X, we can see that X is a subspace of S\ K. Again by definition of X,,, and X,,,
one can see that X,, is the mapping cylinder of the map a,, : S — S! by am(z) = 2™. And X, is
the mapping cylinder of the map o, : S' — S by a,,(2) — 2". Now, we will show the following result.

3.1.3 Proposition. (a) The space X,,, we just defined is homeomorphic to the quotient space of the
27

cylinder S x [0, 3], under the identification (z,0) ~ (e'm z,0).
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(b) The space X,, we just defined is homeomorphic to the quotient space of the cylinder S x [, 1],

27

under the identification (z,1) ~ (e z,1).

27e

Proof. Let Y be the quotient space of S' x [0, 1], under the identification (z,0) ~ (em z,0). So

2
Stx[0,3] . : : : 1 1
Y = ———== Since X, is the mapping cylinder of a;, : S* — S,z — 2™, we have
St x[0,1]) I St
Xm — ( X [ ’/]) ,
where ~/ is the relation: (z,0) ~ a;(z) = 2™.

We will define two maps % : X,,, — Y and ¢ : Y — X, such that ¥ = Idx,, and g = Idy.
e Defining % : First define ¢ : (S x [0,1]) II ST — Y by

o(z,t) =[(2,t/2)],0 <t <1, and ¢(z) = [(e%,O)] if 2= e,

Clearly, if (z,0) ~' 2™, then p(z,0) = p(2™). So ¢ passes to the quotient and gives rise to a map

1 1
5. 52X [0’,1])HS — Y, defined by 3([z]) = [p(z)].

~

By this definition, p is continuous.

e Defining 1 : First define ¢ : S' x [0,1] — X,,, by

¥(z,0) = [2"] = [(2,0)], and ¢¥(z,t) = [(2,2t)], 0 <t <

| =

2mi

If (2,0) ~ (e%z,O), then ¢(2,0) = [(2,0)] = ¥(e'm 2,0). Passing to the quotient, we get

— 50, 3]

W — X, defined by 9([z]) = [t)(2)].

~

Again, by definition, ¢ is continuous. Now, we will show that 9% = Idy,, and By = Idy. For the case
when t # 0, we suppose that [z,t] € X,,,, and [z,t] € Y, we then have that

¥&([2,1]) = D([e(z,1)]) = (2, t/2]) = [¥(,¢/2])] = [z, 1] = 1dx,,, and
PY([z,1]) = B([Y (2, 1)) = B([(z,2t)]) = [B(,2t)] = [2,1] = Idy.

For the case when ¢t = 0, we have that
¥9([2,0]) = d([p(2,0)]) = ¢([2,0]) = [(2,0)] = [z™] = [2,0] = Idx,, ([2,0]), and

?Y([z,0) = P([¥(x,0)]) = B([z™]) = B([2,0]) = [p(,0)] = [z, 0] = Idy-.
Therefore X,,, =2 Y.

Part (b) can be handled in the same way. O

3.1.4 Proposition. Let X be as defined in (315) Then X is homeomorphic to the quotient space of
St x I under the identifications (z,0) ~ (e%z,()) and (z,1) ~ (e%z, 1).

Proof. Since X = X,,, U X,, from (3.1.5). Then by Proposition (3.1.3) above, the result follows. [
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Thanks to Proposition 3.1.4 above, X,, N X,, = 5! x {1}. Finally, we will show that 5%\ K deformation
retracts onto X. The idea is

e to construct a deformation retraction of the first solid torus S' x D? minus K onto X,,, and

e to construct a deformation retraction of the second solid torus D? x S' minus K onto X,

such that they both agree on the intersection S! x S\ K.

For the deformation retraction of (S' x D?)\ K onto X,,, we will construct a deformation retraction
on each meridian disk. Let 2 € S'. Need to define a continuous map ({z} x D?)\ K — S,. To do
this, it suffices to show that each region (for example, when m = 3, we have 3 regions, each contains
only one point P;) deformation retracts onto the radial line segments that bound it.

So we have m regions namely, Ry, Ry, ..., Ry, with P; € R;. We will show that R; \ {P;} deformation
retracts onto the space OF;(;;.1) U OF(;_1); in a nice way. This will follow from the following Lemma.

3.1.5 Lemma. Consider the region (or space) R in R? in Figure 3.3 below. Then thespaceY = R\ {(0,1)}
deformation retracts onto A = OP U OQ).

S N
N1 NCED)

/ \
//\ \
| \
J fa N\ ]

-1 |© |

Figure 3.3: Region R Figure 3.5: When 29 <0

Figure 3.4: When 25 > 0

Proof. To prove this, we define a retraction 7 : Y — A using suitable flows. This will allow us to distort

the flows (if necessary) later in such a way that the deformation retracts agree on the intersection of
the two solid tori, ST x S\ K.

To construct the map 7, let M (xo,yo) € Y. We consider the following three cases:

e lf zg > 0.

1. Consider the midpoint I of the line segment M N.

2. Draw the line, say L, through I and orthogonal to M N. Let O’ be the intersection point between
L and the z-axis.

3. Draw the circle, say C, with center O’ and radius O'N. That is, C is the circle through N with
center O’.

4. Let M’ be the intersection between C' and the line segment OP. Define r(M) = M.

e If 2y < 0, one defines (M) = M", where M" is the intersection between the circle and OQ.
o If xg = 0, define r(M) = 0.

Next, we will write down the map r : Y — A explicitly, and then show that it is a deformation retraction
of Y onto A. We define the map for each case. For the first case, that is, if o > 0, see Figure 3.4 for
the construction.
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1

Since the line L is orthogonal to M N, then S; = —g o where Sy, is the slope of line L, and Sy/n
MN

is the slope of line M N. Since M = (x9,yo) and N = (0, 1), then

-y _yp-1

Sun =
—Zo Zo
Hence, . .
Sp=-——2 -_"9
yo—1 1—yo
) ) . ) . (xo 1+4+yo ) )
Since I is the midpoint of M N, then the coordinates of [ is R . Thus, the equation of L is
o
Yy = x4+ C, 3.1.6
1 —yo ( )
where C' is the y-intercept. To find C', we substitute the coordinates of I into 3.1.6, so that we have
14+ 1yo To To 1fygfx%
= — 4+ = C= —"——.
2 -y 2 2(1 —yo)

Hence the equation of line L is
1— 2 .2
L Y% ~— %o
1 —yo 2(1 —yo)
Next, we will find the coordinates of the z-intercept of line L, that is, the coordinates of the point O’
in Figure 3.4. At this point, y = 0, hence we substitute y = 0 in equation (3.1.7) so that we have

y (3.1.7)

st +yd—1
21’0 .
x% + yg -1
2$0
3.4. This radius is the distance between the points O’ and N. Let this distance be d;. Since N = (0, 1),
then

Hence the coordinates of the point O are ( ,0). Now consider the radius O’N in Figure

(2 +y5 —1)? _ 4af + (a§ + 95— 1)?
4$% 4£U(2) '

If we suppose that the point M’ = (a,b), then the distance between O’ and M’ is given by the relation

(3.1.8)

2
2 = <a— (373+y(2)—1)> L2
2.%0
<2a1:0—(x(2)+y8—1)>2 9
- +b
2$0
T BT T
dxj
4t 4+ [2ax0 — (xF +yd - 1))? 3190
= 2 . (3.1.9)

But then O'N = O’ M’ since they are both radii of the circle C. Hence, d3 = d3. Therefore, we have

daf 4 (ad 98 — 1) _ 46} + [2aw0 — (a3 49 — )]

4x% 41'(2)
42 2 2_12 4b22 422_4 2 2_1 2 2_12
This then implies that: —0 + (x?L:;% do = 1)7 _ 4b%wp + o axo(xgl;%yo )+ @ typ = 1)

(3.1.10)
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By simplifying equation (3.1.10), we have that

x2 = b’ag 4 alxg —a(xd +y3 — 1) (3.1.11)
Now, consider the right angle triangle OPP’. Since |OP| = 1, then |OP’| = cos()) and |PP’| = sin(\).
in(A
Hence the coordinates of the point P are (cos(\),sin(A)). Hence the slope of OP is :102(()\) = tan(\).
b
Also, the slope of OM’ is P But then, slope of OP is equal to slope of OM’. Hence
b
tan(\) = — = b—atan(\) =0. (3.1.12)
a

Solving equations (3.1.11) and (3.1.12) simultaneously, we have that
w24y ag s 22222+ 1) + 23 (a2 - 1) 11

= d
220(12 + 1) > an

, tw%+ty3+t(\/4t2x3+x3+2x3y8+y§+2x3—2y3+1—1)

a 220(1% + 1) ’

where ¢ = tan(\).

Now for the case when 2y < 0, suppose that the coordinates of the point M" are (¢,d). Equation
(3.1.11) still hold for this case, that is,

12 = d?xo + xg — c(xd +yd - 1). (3.1.13)

Now, consider right angle triangle OQQ’ in Figure 3.5. Since |OQ| = 1, then |OQ'| = cos(\) and
|QQ'| = sin(\). Hence the coordinates of the point @ are (— cos(\),sin(\)). Therefore, the slope of

0Q is sm((/)\\)) = —tan(\). Also, the slope of OM" is g But then, slope of OQ is equal to slope of
o3 c
OM". Thus

d
— tan(\) = o= d + ctan(\) = 0. (3.1.14)
Solving (3.1.13) and (3.1.14) simultaneously, we have that

_ ot - Vel 2P T ) A28 - D11
2$Q(t2+1) ’

tod +tyd —t (\/4t2x3 + xg + 2xy5 + yo + 205 — 25 + 1 — 1)
B 2xo(t2 + 1) ’
where t = tan(A). Therefore, we define the map r: Y — A by

d =

(a,b), if zog >0
r(xo,y0) = 3 (¢,d), if 2o <0 (3.1.15)
(0,0), if zo = 0.
where a, b, c,d are as above. By construction, r is continuous. Now we prove that r is a deformation

retract of Y onto A. Let h be the distance from the origin to any point T'(pg, go) on OP or OQ. Then
the coordinate of T is

(hcos(A), hsin()), if po >0
(Po,qo) = { (—hcos(A), hsin(N)), if pg <0 (3.1.16)
(0,0), if po = 0.

Hence, every element of A = OP U OQ has the form in (3.1.16) above. So to show that r is indeed a
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retraction, we suppose that (zg, yo) = (hcos(A), hsin(\)) € OP C A is arbitrary. This is for the case
when zg > 0. So by substituting xo = hcos(A\) and yp = hsin(A) into (3.1.15), we have that

7(z0,%0) = (0, Y0)-

Since (x0, o) is arbitrary, then r(x0,v0) = (z0,y0), Y(zo,y0) € OP. Similarly, one can show for the
case when o < 0, that is, when (zq,y0) € OQ. For the case when zy = 0, equation (3.1.16) says that
(x0,90) = (0,0), and thus r(zg, yo) = (0,0) from (3.1.15). Therefore, r is indeed a retraction.

Now to conclude that r is a deformation retract, we will show that i0or ~ Idy, where i : A — Y is the
inclusion map. The homotopy F' : Y x [0,1] — Y follows the circle when xg # 0. But if xg =0, F'is
a linear homotopy along the y-axis from (0, yg) to (0,0). Hence r is a deformation retract. O

3.1.6 Proposition. Let X,, and X,, be as defined in Proposition 3.1.3. Then the spaces (S! x D?)\ K
and (D% x SY)\ K, where K is a torus knot, deformation retract onto X,, and X,, respectively.

Proof. This follows immediately from Lemma 3.1.5. O

These two deformation retractions do not agree on their common domain, (S x S')\ K. This can be
corrected by changing flows in the two solid tori so that (S x S')\ K, both flows are orthogonal to
K. After this adjustment, we then have that S3 \ K deformation retracts onto X = X, ,,.

3.1.7 Calculating the Fundamental Group of X = X, ,,. Now, we will use Van Kampen's theorem
to compute 71 (X).

3.1.8 Proposition. 71 (X) = (a,bla™ = b").

Proof. To prove this, we suppose that U is an open neighborhood of X, and V is an open neighborhood
of X,, such that

i) U and V deformation retract onto X,, and X, respectively,

i) UUV = X0

The spaces U and V are path connected since X,,, and X, are path connected because they are both
homeomorphic to a cylinder as shown earlier. Since U and V' are open neighborhoods of X,, and
X, respectively, then U NV is an open neighborhood of X, N X,,. Also, for the fact that U and V'
deformation retracts onto X,,, and X, respectively, then U NV deformation retract onto X,,, N X,,.

The space U NV is path connected since X,,, N X,, is path connected because X,,, N X, is a circle. Let
zg € U NV be the basepoint, then van Kampen's theorem says that
1 (U) * 1 (V)

N b

1%

71 (Xom,n) (3.1.17)
where N is a normal subgroup generated by i1(g)ia(g9) ™!, g € m (U NV). Since U and V deformation
retract onto X,,, and X, respectively, then by Theorem 2.5.7, we have that 7 (U) = m1(X,,) and
71 (V) = 71(X,,). But then, X, is the mapping cylinder of the map a,,, : S' — S! and also X, is the
mapping cylinder of the map «,, : S — S'. Hence by Proposition 2.5.9, both X,, and X,, deformation



Section 3.2. Description of the Structure of 71(R?\ K) Page 24

retract onto S'. Again, by Theorem 2.5.7, we have that m(X,,) = 71(S') and m(X,,) = 71(Sh).
Therefore

I

m(U) ™ (Xm) = m(S') 2 Z,
w1 (V) m1(Xn) %m(Sl) =~ 7.

Also, since U NV deformation retracts onto X,,, N X,, and for the fact that X,, N X,, = S! x {%}
Then

I

m(UNV) 2 (X,,NnX,) =m (S x {1/2}) =2 7.

Let o be a loop in U NV which represents a generator of 71 (U N V'), then « is homotopic to a loop
in U representing m times a generator, and also homotopic to a loop in V representing n times a
generator. Assuming 71 (U) is generated by a, and (V') is generated by b, then N is generated by

a =1i1(g)i2(g)~t = a™b™". Hence (3.1.17) implies that

a)* (b _

1 (Xon) = <<a7>nb_<n>> (@, bla™b") = (g, bla™ = b"). (3.1.18)
O

3.1.9 Theorem. 71(R3\ K) = (a, bla™ = b").

Proof. We have proved that 53\K deformation retracts onto X, ,,. Hence by Theorem 2.5.7, we have
that

71 (S*\ K) 2 m (X)) (3.1.19)
So by substituting (3.1.18) into (3.1.19), we have that
m1(S%\ K) 2 (a,bla™ = b"). (3.1.20)

From (3.1.4), we have that 7 (S \ K) = 71 (R?\ K). This implies that m (R3 \ K) = m1(5® \ K)
because the relation ” 22 ” is an equivalence relation. Hence

71 (R3\ K) = (a, bla™ = b"). (3.1.21)
Hence, we conclude that the knot group of a torus knot K = K, , is 71 (R3\ K) = (a,bla™ = b"). O

3.2 Description of the Structure of 7 (R?\ K)

In this section, we will describe the structure of the group Gy, := m(R3\ K) = (a,bla™ = b"). We
will first show that the group Gy, is infinite cyclic when m or n is 1. Then we will show that the
quotient group G, n/C = Zy, *x Zy, with the assumption that m,n > 1, where C is the cyclic normal
subgroup of Gy, ,, generated by the element o' = b™. After this, we will show that C' = (a") = (b")
is exactly the center of G, . Lastly, we will show that m and n are uniquely determined by G, »,.

3.2.1 Proposition. The group Gy, = 71 (R3\ K) 2 (a,bla™ = b") is infinite cyclic when m or n is 1

Proof. When m = 1, we have that
Gmn = (a,bla=0b") = (b",b) = (b) = Z.
The group (b"™,b) = (b) since b"™ € (b). Also, when n = 1, we have that
Gmn = (a,bla™ =b) = (a,a™) = (a) = Z.

Since Z is infinite cyclic, then we conclude that whenever m or n is 1, G, , is infinite cyclic. O
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3.2.2 Proposition. The quotient group Gy, ,/C = Zy, % Zy,, where C = (a™) = (b"), and m,n > 1.

Proof. First of all, we will show that C' < Gy, ,,, then we will show that G, ,,/C = Zy, * Zy,.

Since C' = (a™) = (b"™), then C C Gy . Also C # ) since a™ € C. Now let z,y € C, then there
exists p,q € Z such that x = o™ = b, and y = a9 = ™. Thus

zy ' =a™Pa"™ = a™P=9) ¢ ¢ (since p — q € Z).

Hence, by Proposition 2.1.10, C' < Gy, 5. Now, let us show that the element @™ = b" commutes with
all the elements of G, ,, before we show that C'is a normal subgroup of G, 1.

Since a™ = b", then a™a = aa™, and a™b = b"b = bb"™ = ba™. Hence ™ = b" commutes with a and
b. But then, a and b are generators of Gy, 5., thus for any element h € G, 5, One has

a™h = ha™, and b"h = hb", for all h € Gy, . (3.2.1)

Now, let ¢ € C be arbitrary, then there exists t € Z such that ¢ = a™ = b™. Also, let g € G, be
arbitrary, then

geg™t = ga™g !t =a™ggt (from (3.2.1)) =a™ =ce C.
Hence C'is a normal subgroup of Gy, . Now, since Gy, , = (a, bla™ = b") and C' = (a™) = (b"), then
Gmn o {a,bla™ =0b")
c (a™)
= (a,bla™ =b",a™)
{(a,bla™ =b",a™ =1)
(a,bla™ =" =1)
(ala™ = 1) % (b|b" = 1)
(ala™) x (b}5")
= L * L,

3.2.3 Proposition. The group C' = (a™) = (b") is exactly the center of G, ,,.

Proof. We want to show that C' = Z(G, ), where Z(Gy, ) is the center of the group Gy, . To do
this, let ¢ € C be arbitrary, then there exists t € Z such that ¢ = a™ = b Also, let h € Gmn be
arbitrary, then

ch = a™h = ha™ (from (3.2.1)) = he.

Hence ¢ € Z(Gy,,n). Therefore
C CZ(Gmn)- (3.2.2)

Next, we will show that Z,, * Z,, has a trivial center. Since |Z,,| = m > 1, and |Z,| = n > 1, then
there exist © € Z,, and y € Z,, such that x # ez, , and y # ez, . Let w € Z,, * Z,, be any nonempty
reduced word. Without loss of generality, we suppose that

w=wi...WkTy,

where x, is a nonempty reduced word of Z,,. Let y € Z,, such that y # ez, , then y € Z,, x Z,,. Hence
Yyw = ywy ... wx, must end with z, after reduction. But wy = ws ... wrx,y does not end with z,.
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since z,- and y cannot reduce with each other because they come from different group. Therefore,
yw #wy = W ¢ Z(Ly * Ln,).
Since w is arbitrary reduced word of Z,, x Z,, it follows that e, the empty word, is the only element of

Z(Zy * Z,). Thus
Z(Zy % L) = {e}.

Now, since Gg’n & Ty * Ly, as shown earlier, then Z (GEZ’”) > Z(Zy * Zy,) = {e}. But then, the
identity element of the quotient group G, ,,/C' is C, hence we have that
Z (Gmn/C) = {C}. (3.2.3)

Now let us show that Z (G, ,,) € C. To do this, we suppose that z € Z(G, ) is arbitrary. This implies
that z € Gy, and thus zC € G, ,/C. Now, let 2/C € G,,,,/C, then

2C2'C = Cz'C (since C C Z(Gpmn))

= C2'2C (since z € Z(Gmn))
2'C2C.
Hence 2C € Z(Gy,n/C). Thus (3.2.3) implies that zC' = C. Therefore by Proposition 2.1.17, z € C.

Since z is arbitrary, then we have that
Z(Gmp) CC. (3.2.4)

Hence (3.2.2) and (3.2.4) then imply that Z(Gp, ) = C. O

3.2.4 Theorem. The integers m,n > 1, are uniquely determined by G, .

Proof. To prove this, we first show that the abelianization of Z,, x Z,, is Z,, X Z,. By definition of
abelianization, one has that the abelianization of Z,, x Z,,, denoted by Ab(Z,, * Z,), is
Loy, * Loy,

AY(Zyy, * Z,) = Tl T v T

where [Zy, * Zp,, L, * L] is the commutator subgroup of Z,, x Z,,. Therefore, we have that
Loy, * Lo,

[Zyy * Loy Ly * L))

{(a,bla™ =1,b" =1,)
(aba=1b=1)

(a,bla™ = 1,b" = 1,aba" b~ = 1)

= (a,bla™ =1,0" =1,ab = ba)

= Zm X L,

Ab(Zpy * L)) =

Since |Zy, X Zy| = mn, then the product mn is uniquely determined by Z,, x Z,, and therefore mn is
uniquely determined by G, ,,. By taking A = Z,, and B = Z,, in Proposition 2.3.3, we have that all
torsion elements of Z,, xZ,, are conjugate of torsion elements of Z,, or Z,,. Hence, if x € Tor(Z,, *xZy),
and that ord(z) = p € Z, then there exist y € Z,,, ¥ Zy, and z € Tor(Z,,) or Tor(Z,,) such that

z=yzy ', and zP = e.

But then 2P = (yzy 1)P = y2Py~! =e = 2P = e. Since z € Tor(Z,,) or Tor(Z,), then by Corollary

2.1.21, p divides m or n. This then implies that the maximum order of torsion elements of Z,, x Z,, is
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the larger of m or n. The maximum of m or n, say m is uniquely determined by Z,, x Z,,. Hence m
is uniquely determined by G, ,. Since mn and m are uniquely determined by G, ,,, then n is uniquely
determined by G, . [l

In the next section, we will give an algorithm for computing the knot group of an arbitrary knot. This
is the generalization of this work.

3.3 Calculating the Fundamental Group of Arbitrary Knots

The goal of this section is to compute 71 (R?\ L), where L is an arbitrary knot. In order to achieve this,
we will use an algorithm for computing a presentation of 71 (R?\ L) called the Wirtinger presentation.

3.3.1 Wirtinger presentation[4]. Let L C R3 be an arbitrary knot. We position the knot to lie almost
flat on a table so that L consists of finitely many disjoint arcs «;, where it intersects the top of the
table together with finitely many disjoint arcs 5; as shown in Figure 3.6. Next, we construct a two
dimensional complex X as follows

Figure 3.6: Knot on a table [4]  Figure 3.7: Attaching R;s [4] Figure 3.8: Attaching S; [4]

First, place a long, thin rectangular strip R; above each of the arcs «;, curved to run parallel to a; along
the full length of a; and arched so that the two long edges of R; are identified with points of T". This
is illustrated in Figure 3.7.

Any of the arcs f3; that crosses over «; are positioned to lie on R;. Finally, place a square S; above
each arc ;. The square S; is bent downward along its four edges so that these edges are identified with
points of the strips I?;, R;, and Rj. The two opposite edges of S; are identified with short edges of R;
and Ry while the other two opposite edges of S; are identified with two arcs crossing the interior of R;
as shown in Figure 3.8.

With this construction, we see that L is a subspace of X. But after we lift up L slightly into the
complement of X, then R?\ L deformation retracts onto X.

3.3.2 Theorem. The fundamental group of R®\ L has a presentation with one generator a; for each
strip R; and one relation of the form a;a; = apa; for each square S;, where the indices are as in the
figures above.

Proof. Since R3\ L deformation retracts onto X, then by Theorem 2.5.7, we have that
7 (R3\ L) = 1 (X). (3.3.1)

To find 71 (X), we first start with a scaffolding space Y as shown in Figure 3.9 below. The knot under
consideration is represented with the line segment |PQ| and |RS| in Figure 3.9. The segment |PQ)| is
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the overpass crossing and segment |RS| is the underpass crossing. Space Y is the shaded area which
lies below |PQ| and |RS]|, together with the six attached arcs which pass over |PQ| and |RS]|. It can

K, m;

Figure 3.9: Space Y (Shaded region with attached six arcs) Figure 3.10: Loops around space Y

Figure 3.11: Space Z. Figure 3.12: Space X.

be clearly seen in Figure 3.10 that

771(Y7p) = <aka aj, A, a;w a;ﬁ CL;>,

where ap = ]{11{2]{3]{31, CLL‘ = k‘ﬁk{,, a; = l11213l4l211, a} = lll7l6l1, a; = mlQOgrﬁl, and a; =
kemgmrmegmsgks.

Next, we will attach 2-cells R;, R;, and R}, to space Y get a new space Z. The 2-cell R; is attached
through the homomorphism ¢; : St Y, where ¢; = mimomylymsmymsgks. We must note that R; is
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kept under the overpass of segment |PQ|. The 2-cell Ry is attached via the homomorphism ¢y :
St — Y, where ¢y, = kskaksk:. Lastly, we attach R; via the homomorphism ¢; : St — Y, where
¢; = lalylsle. The new space formed, that is, space Z, is shown in Figure 3.11 above.

To find the fundamental group of space Z, we will make use of the proposition below.

3.3.3 Proposition. [4]: Suppose we attach a collection of 2-cells €2 to a path-connected space X via
maps 1, : S' — X, producing a space Y. If sq is a basepoint of S!, then v, determines a loop at
¥a(s0) that we shall call 1, even though technically loops are maps I — X rather than S* — X. For
different «'s, the basepoints 1, (sg) of these loops 1), may not all coincide. To remedy this, choose
a basepoint g € X and a path 7, in X from z( to ¥, (so) for each a. Then 7,107 is a loop at
xg. This loop may not be nullhomotopic in X, but it will certainly be nullhomotopic after the cell €2
is attached. Thus the normal subgroup N C 71(X,zo) generated by all the loops Y41a7Ya for varying
« lies in the kernel of the map 71 (X, z0) — 71(Y, z¢) induced by the inclusion X — Y. If the space
Y is obtained from X by attaching 2-cells as described above, then the inclusion X — Y induces a
surjection 71 (X, zg) — w1 (Y, x9) whose kernel is N. Thus

I

7T1(Y) 7T1(X)/N

The proof of this proposition can be found in page 50 of the book of Hatcher [4]. So by applying this
proposition to Z, we then have that

m1(Z,p) = m(Y,p)/N, (3.3.2)
where N is a normal subgroup of (Y, p) generated by {¢;,l1¢;l1, ¢ }. But then if we suppose that

Ty = mmigm4l7rﬁ5m6m8k_6, r; = lll2l3l5l_7l_1, and rp = kf6/€_4]{?2k?1,

Then
am'c;g = mimamamimimgmalymsmemskekemsmemrmske = mimamalymsmzmske = ¢;,
a_jrja;- = lll21_4[_3l_2l_1lll2l315ﬁ7l—1lll7l6l_1 = l1l21_4l5l6l_1 = ll(ﬁjl_l, and

a%rkak = ]55]{3_61456]54]52]51]51]{72]{3]51 = ]55]{74]433]{?1 = gbk
But r;,7;, and 7 are homotopic to a point. In fact, they are homotopic to the basepoint p. Hence
¢i = a;rial ~ a;al, llgbjl_l = a_jrja; ~ a_jag», and ¢y, = ajrray ~ ajay.
Thus,

m(Z,p) = m(Y,p)/N
<ak, Qj, Qg a;wa;‘v a’;>

(aia}, ajal, ajay)
(ak,aj,ai,az,a;,a;]aid; = 1,a’ja;- = 17(1_2@14 =1)
= (ar,aj,ai,ay, a;, ajla; = af, a = aj, ap = ay)
= (a;,aj,a).

Finally, we attach a 2-cell Sj, to get X, via the homomorphism 1 : S' — Z, where ¢ = 111)2931)4.
The new space formed, that is, space X, is exactly the space we got from the Wirtinger algorithm as
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shown in Figure 3.12. We must ensure that S; lies on top of the overpass of segment |PQ|. Again, by
Proposition 3.3.3, we have that
7TI<Z7p)

N 9y
where N is a normal subgroup of 771(Z p) generated by 1) = ¥112103104. By comparing Figures 3.11 to
Figure 3.12, we have that a; = j1j2j3j1, ar = hihohshi, and a; = 119192939111 More so, we have that

Y111 =~ Jijejsdt, G1%aisia = i1tPaiain = i1(g1g3G201 )1, tai3bsia = ta(isitria)ia = 11901 =~ j1jsjogi,
and 414 =~ hihohshy. Therefore,

= P13ty
~ oy (i1i1)ho(igiatats) s (igia )by
>~ (Y101)(i1v00314) (i4i39314) (14%4)
~  (jijejsi)(i1g193929101) (j1jsg2d1) (hihahshy)
= a;G;a;a.

I

7r1(X,p)

Hence N is generated by ¢ ~ a;a;a;a;. Thus N ~ (a;a;a;ay). Butif a group is generated by an element,
the group is also generated by the inverse of that element. The inverse of a;a;a;ay is aia;aja;. Hence
N =~ (aya;a;a;). Therefore

7Tl(Zap) ~ (akvajaai>

o = (a;, aj, ag|laxa;a;a;) = (a;, aj, aglaja; = apa;). (3.3.3)

X
ﬂ-l( 7p) N (a‘kaiajdi>

12

From (3.3.1), we have that
7T1(R3 \ L) = 7T1(X) = <ai, aj, ak\aiaj = akai). (334)

So, if the knot has n arcs, we are going to have n rectangular strips R;, and n squares S;. For each of
these rectangular strips, we conclude from (3.3.4) that 1 (R3\ L) has a presentation with one generator
a;, and one relation of the form a;a; = aa; for each square S;. O

3.3.4 Example. Let us apply this result to compute the fundamental group of a trefoil knot, K53. A
trefoil knot has 3 arcs as shown in Figure 3.14 below. Hence, by Theorem 3.3.2, we have that

1 (R3 \K23) = (a1,a2,a3la1as = azay,aza3 = ajaz, asa; = agas)
= (a1,a2,a3| araza;’ = a3, azaza;’ = ai, azaiay’ = as)
= (a1, as] agalagaflagl =aq, alagaflalalaglafl = ag)
= (a1,a2| aza1a2 = ajazay). (3.3.5)

Take b = aga; and a = a1b, then a; = ab~ !, and ay = baf1 = bba~! = b%a~'. Substituting these into
equation (3.3.5), we then have that

m(R*\ K23) = (a,b| baz = arb)
= (a,b| bW’ =ab"'b)
(a,b| b*a"t =a)
(a,b| b® = a®). (3.3.6)

By substituting m = 2 and n = 3 in (3.1.21), we have that 71 (R3 \ K23) = (a,b| a® = b3), which is
exactly the same group in (3.3.6) above.
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3.3.5 Example. We want to compute the fundamental group of a knot different from torus knot using
our previous result. The knot is given in Figure 3.13 below.

ay a, Ry
\_)as \j
h,

3

Figure 3.13: A knot Figure 3.14: Trefoil knot

Let us denote this knot by L. Then L has five crossings and five arcs, hence by Theorem 3.3.2 , we
have that

3
m(R°\ L) = (a1,a2,as,a4,as|asa1 = asaq, a1a3 = asay,asas = aiaz, asas = azas, azas = a5a3)
= (a1, a2,a3,a4,a5la1 = ayaza4, a3 = a1a401, a5 = 20102, a3 = A502045, A4 = 430503)

= <a1, az,as, aq, a5\a1 = aqa9a4, 05 = A20102,03 = 50205, 04 = a_3a5a3). (337)
Since a3z = asasas, then a4 = dzasas = asdadsasasasds = asdaasasds. Hence (3.3.7) becomes

gl (Rg \ L) = <CL1, ag, 44,0501 = A40204,05 = 420102, A4 = a5dga5a2(f5>. (338)
Also, since ay = asdnasasds, then a1 = dgasays = asdadsasdsasasdoasasds. | hus (338) becomes

7T1(R3 \ L) = (a1, a2, as|a; = asazasasasasasdsasazds, as = daa1as). (3.3.9)
Also, since since a1 = d4a204 = a5a2050205020502050205, then

a5 = 420102 = 4204020402 = A2050205020502050205020502.

Therefore, (3.3.9) becomes

T (RS \ L) = <a2, a5|a5 = a_2a5dgd5agd5a2a5dga5agd5a2>

= (a2, as|azasdzas = asdadsa2asa2a50205a02).

In the next chapter, we give the conclusion of this work by summarizing the results that were obtained.



4. Conclusion

The main objective of this work was to compute and describe the fundamental group of R?\ K, where
K is a torus knot. To do this, we first showed that the fundamental group of R\ K is isomorphic to the
fundamental group of S3\ K. Then, we showed that S\ K deformation retracts onto a 2-dimensional
complex whose fundamental group is (a,b| a™ = b"). Hence,

1 (R*\ K) = (a,b] a™ = b").

Further analysis of 71(R3 \ K) shows that the group is infinite cyclic whenever m or n is 1 and that
the center of the group is (a™) = (b"™). Also, we succeeded in showing that the quotient group
7 (R3\ K)/(a™) is isomorphic to the free product Z,, x Z,, and hence the integers m and n are
uniquely determined by the group 71 (R?\ K).

Furthermore, we extended our calculation to the computation of the fundamental group of an arbitrary
knot using the Wirtinger presentation. We found that for an arbitrary knot L with n arcs, the funda-
mental group of R3\ L has a presentation with one generator a; for each arc, and one relation of the
form a;a; = aa; for each crossing.

Finally, we computed the fundamental group of a trefoil knot using the result in the previous paragraph.
We compared this fundamental group to the one in the first paragraph and discovered that they are the
same.
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