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1 Trigonometric Integrals (continue)

Sometimes the integrands are not explicitly of the forms / sin™ z cos™ x dx and / tan™ x sec” x dx so we have

to use some algebraic manipulations.

2
Example 1.1. Evaluate the following integral I = / (/) cos® (V) da.

ﬁ sin

Solution:

dx
e First substitution u = /r and du = ——= to transform this integral into / sin™ x cos™ x dxz. So we have:

2V

1
I=2/—Sin6ucos3u 2V du:4/sin6ucos3u du:4/sin6u cos?u cosu du
N3 —~—

1—sin? u
e Second substitution ¢ = sinu and dt = cosu du. We have:
Tt
I:4/t6(1—t2) dt:4/(t6—t8) dt:4(7_9> iy

e Replace the new variables by their initial values

7t sin“u  sin’u sin”(y/z)  sin’(y/z)
1=4(L L —4 _ —4 _
< 777 > +c ( - 9 > +c < " 9 ) +c

2 'Trigonometric Substitutions

2.1 Integral involving a? — 22

2

We may deal with an integral whose integrand contains the term a? — 2, where a is a positive constant. Observe

what happens when x is replaced with asinf so dx = acosf df.

a® —2* = a® — (asinf)®> Replace x with asin@

a? —a’sin®6  Simplify

=a*(1 —sin®@)  Factor

= a®cos? 6 1 —sin?0 = cos? 0



4
Example 2.1. Evaluate the following integral / V16 — 22 dx.
0

Solution:
Here, a = 4 so we use substitution z = asinf = 4sin§ then dx = 4cos df and 6 = sin~'(2). So, we have:

/ V16 — 22 dx = / \/16—(4Sin9)240059 al@z/2 V16 — 16sin* 0 4 cos 0 df
s 0

n=1(0)

:4/2 V164/(1 — sin” 0) cos@d9:16/2(:0529d9
0

0

71 20 0 sin20\ |2
:16/27“0S a9 =16 (2 + 3 -
o 2 9 1),

[SE]

3
2 xdr
Example 2.2. Evaluate the following integral _—
g g D Vo2
Solution:

Here a = 3 so x = 3sin6, dv = 3cosf df and 6 = sin™ (g) We have:

vde (U Bsing Lo / 9cosfsiné df /69c03981n9d0
V9 — 2? sin=1(0) /9 — 9sin® 0 \/9(1 — sin? 9) 3cosf

jus

= 3/6 sinf df = —3(cos0) V3 3V3
0

—3( -1 =322

0

2.2 Integral involving a? + 22

We may deal with an integral whose integrand contains the term a?+ 2, where a is a positive constant. Observe
what happens when z is replaced with atanf so dz = a(1 + tan?0) df = asec® 0 df.
Note that

a® + 2% = a®> + a*tan’? 0 = a*(1 + tan”® 0) = a®sec? 0

Example 2.3. Evaluate the following integral /

\/:c2+3

Solution:
Substitution: a =6, z = 6tan0, § = tan™'(£) and dx = 6sec? 0 df. So we have:

an~1(1
/;dwz 2 686629(19:/ O 12sec®0
o Va?+ 36 tan—1(0) (6tan6)2 4 36 0 36(1 + tan?0)

1

1 tanfl(g)

tan=1 (1) 12sec2 g tan™' (%)
— / ’ Ld&:Q/ ’ sec df = 21n|secd + tan 6|
0 0

6sec o

=2In| sec(tanfl(é)) + tan(tanfl(%)ﬂ — 21In|sec(0) + tan(0)|

1 1
=2In| sec(tan_l(g)) + 6|

Example 2.4. Evaluate the integral /

1‘2\/9+x2



Here a = 3 so x = 3tanf, dz = 3sec?§ dff and 0 = tan~'(£). So we have:

dx _ / 3sec? 0 do _ 3sec? 6 db _ l/secﬂ de
229 + z? (3tan6)2,/9 + (3tan )2 (3tanf)? -3secd 9 /) tan?0
1 ﬁ 1/ cosf
== : dd=—- | —— db
9/ sin? 9 9/ sin?6
cos? 6
Now let u = sinf = du = cos @ df. Then,
da _l/dﬁ__i+c__ L 1 .
22/9+22 9 w2 9u  9sinf  9sin(tan (%))

2.3 Integral involving 22 — a?

2

We may deal with an integral whose integrand contains the term 22 —a?, where a is a positive constant. Observe

what happens when x is replaced with asec so dx = asecftan db:
22 —a® = (asech)? — a® = a*sec? § — a® = a*(sec’ § — 1) = a® tan* 0
Example 2.5. Evaluate the following integral

/ dx
Va2 =49

Here a =7, s0 x = Tsec = dx = TsecHtan@ df. So we have:

ftan do 0 tan ¢ do
7secd tan :/78“ tanf b [ ech db = n|secd + tand| + ¢

dx
/\/$2—49_ /\/(7se00)2—49 TVsec?0—1

= In| sec(sec_l(g)) —l—tan(sec_l(%m +c
a ; : x Ny
0 (7]
VZ 2
x=asinf

a a

Summary

The Integral
Contains . . . Corresponding Substitution Useful Identity
; 2.2
a* — x? X=asing —=0="for|x =a a® — a*sin* = a’cos” 0
2 2
a’ + x? v =atmg —T<p< a® + a*tan® @ = a’sec’ 6
T2 2
050<§,forx2a
x> —a’ x = asec, a’sec’0 — a® = a’tan? 6




2.4 Algebraic manipulation

Sometimes, the integrand is not explicitly of the forms a? + z? and x2 — a

Example 2.6. Evaluate the integral /

\/4x2 + 25

Solution:
We make the coefficient of 2 to be 1. We have 422 + 25 = 4(2? + 22) = 4(2% + (2)?). The we use = 3 tan¥,

dz = 5 sec?§ df and 6 = tan~'(2%) The we have:

/ / / / Ssec? 0 db
V4$2+2 \/4(x2? + g 24/22% + % \/ (5 5 sec)? g
2gec? 0 df 29 do 1
= / _ 2% VY /sec 7 §1n|secﬂ+tan0|+c
25 sec
4 tan29+1
1 2 2
= iln\sec(tanfl(g)) + €z| +c



