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Abstract—The existing transmission network is becoming in-
creasingly overloaded due to rapidly growing electricity demand,
deregulation, and limited investment in transmission network
expansion. This paper presents a state-space model-based control
design for regulating line active-power flows in AC electric power
systems using linear-quadratic-Gaussian (LQG) control. At its
core, the proposed method relies on the linear mapping of nodal
active- and reactive-power injections to active-power line flows.
Building on this, we outline a combined linear-quadratic regula-
tor and Kalman-filter design to optimally dispatch generators
and controllable loads to maintain line flows while ensuring
power balance. We demonstrate the utility of the proposed
LQG controller with a representative congestion-management
application.

I. INTRODUCTION

This paper presents a design strategy for line active-power

flow tracking using linear-quadratic-Gaussian (LQG) control

in a power system operating in sinusoidal steady state. We

study the bulk AC power-system setting, where synchronous

generators serve constant-power loads through a connected,

linear time-invariant electrical network. More precisely, Π-

equivalent circuit models are adopted for the lines, shunt

elements are composed of linear circuit components, and a

subset of these nodes have constant active- and reactive-

power injections. With rapidly growing electricity demand

and increased penetration of distributed generation, there is

definitely an impetus to expand the existing transmission

network. However, expanding the power system network is

hindered by economic and environmental constraints [1]. As

a result, transmission lines may operate in an overloaded state

(i.e., above their thermal limits) [2]. In light of this, effective

methods to control line active-power flows are necessary to

optimize the utilization of existing resources, e.g., generation

and transmission capacities, while maintaining reliable and

secure operation of the network.

Traditionally, line-flow control has been realized through

decentralized hardware-based control using, e.g., distributed

static series compensators (DSSCs) [3], phase shifting trans-

formers (PSTs) [4], flexible AC transmission system (FACTS)

controllers [2], and unified power flow controllers (UP-

FCs) [1]. While these solutions require little-to-no communica-

tion, installing them ubiquitously is economically prohibitive

and it increases system complexity. Furthermore, they do not

adapt to short-term contingencies and future system modi-

fications [5]. On the other hand, global line-flow control is

performed as part of the automatic generation control (AGC)

system, which maintains scheduled inter-area tie-line flows by

ensuring that each control area balances its own net load [6].

Given the prevalent competitive electricity environment, line

active-power flow control is potentially useful in a variety

of settings to ensure that the system is operated efficiently

and fairly. Examples include congestion management, AGC,

eliminating redundant loop flows, etc. Steering clear of specific

power-system applications, in this paper, we propose a method

to determine nodal active-power injections to yield optimal

line active-power flow trajectories that eventually converge

to the desired reference values. As the system conditions

fluctuate and the operating point varies, the controller sys-

tematically introduces small-signal modifications to generator

and controllable-load active-power setpoints based on the

sensitivities of line flows with respect to nodal injections,

while accounting for relative costs of individual injections.

The proposed controller is an LQG controller that includes

a linear-quadratic regulator (LQR) that guarantees robustness

and optimal tracking regardless of initial conditions; and it

incorporates an optimal estimator, namely the Kalman filter,

which accounts for random measurement and system distur-

bances. The proposed controller is unique from two perspec-

tives. First, from a modelling perspective, the proposed method

relies on a linear mapping of nodal active- and reactive-power

injections to active-power line flows that significantly simpli-

fies controller synthesis while maintaining sufficient accuracy

to achieve the control aim. Second, from a control perspective,

the controller ensures that system active-power balance is

maintained at all times, and this is accomplished with a non-

standard LQR cost function that guarantees the elimination

of nodal active-power injection imbalances at each time step.

In order to verify the proposed control method, time-domain

simulations are conducted to mimic the dynamic behaviour of

the system considering synchronous machine dynamics. We

demonstrate the effectiveness of the controller to track desired

line-flow references using synthetic measurements periodically

sampled from the time-domain simulation.
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II. PRELIMINARIES

In this section, we describe the power system network.

Using an exact linear mapping of nodal active- and reactive-

power injections to line active-power flows, we develop a

discrete-time system to be used for control synthesis.

A. Network Description

Consider an AC electric power network with N nodes

collected in the set N operating in sinusoidal steady

state. The set of transmission lines is represented by

E := {(m,n)} ⊆ N × N . Each line is modelled using the

lumped-parameter Π-model with series admittance ymn ∈ C
and shunt admittance yshmn ∈ C. Then, the entry in themth row

and nth column of the network admittance matrix, denoted by

Y , is specified as

[Y ]mn :=

⎧⎨
⎩
ym +

∑
(m,k)∈E ymk, if m = n,

−ymn, if (m,n) ∈ E ,
0, otherwise,

(1)

where ym = gm + jbm := ymm +
∑
k∈Nm y

sh
mk denotes

the total shunt admittance connected to node m, Nm ⊆ N
represents the set of neighbours of node m, and ymm ∈ C
captures any passive shunt elements connected to node m.

Since our goal is to synthesize controllers aided by mea-

surements of electrical signals, we introduce the discrete-

time index, k ∈ Z≥0 which denotes time instants when the

physical system is probed or actuated. With this in mind, let

Vi[k] = |Vi[k]|∠θi[k] ∈ C represent the voltage phasor at

node i at time instants k ∈ Z≥0; similarly, let Ii[k] ∈ C denote

the current injected into node i at time instants k ∈ Z≥0.

Furthermore, collect steady-state nodal voltage phasors into

the vector V [k] = [V1[k], . . . , VN [k]]
T and current injections

into I[k] = [I1[k], . . . , IN [k]]
T. Then, at time instant k,

applying Kirchhoff’s current law at each node and combining

them into matrix-vector form, the current balance can be

compactly represented as

I[k] = Y V [k]. (2)

Denote the vector of complex-power nodal injections at time

instant k by S[k] = [S1[k], . . . , SN [k]]
T = P [k] + jQ[k], with

P [k] = [P1[k], . . . , PN [k]]
T and Q[k] = [Q1[k], . . . , QN [k]]

T.

(By convention, Pi[k] andQi[k] are positive for generation and

negative for loads.) Then, complex-power nodal injections can

be compactly written as

S[k] = diag (V [k]) I[k]∗, (3)

where diag (V [k]) denotes a diagonal matrix formed with

entries of the vector V [k].

B. Network Line Flows

Next, shifting our focus from nodal injections to line flows,

we can express the current flowing in line (m,n) ∈ E at time

instant k as

I(m,n)[k] =
(
ymne

T
mn + y

sh
mne

T
m

)
Y −1I[k] =: κT(m,n)I[k],

(4)

where κ(m,n) ∈ CN are the current injection sensitivity factors

and em ∈ RN denotes a column vector of all zeros except with

the m-th entry equal to 1, and emn := em − en.
Denote, by S(m,n)[k] = P(m,n)[k]+jQ(m,n)[k], the complex

power flowing across line (m,n). We can write

S(m,n)[k] = Vm[k]I
∗
(m,n)[k]. (5)

Further, decompose the current injection sensitivity factors

from (4) into real and imaginary components as

κ(m,n) = α(m,n) + jβ(m,n).

Leveraging the above decomposition, substituting the current

injection sensitivity factors from (4) into (5), and defining

θm := θm1N − θ (1N is an N -dimensional column vector

with all entries equal to 1), we obtain [7]

P(m,n)[k] = Φ
P
(m,n)[k]P [k] + Φ

Q
(m,n)[k]Q[k], (6)

where

ΦP(m,n)[k] = |Vm[k]|uT(m,n), (7)

ΦQ(m,n)[k] = −|Vm[k]|vT(m,n), (8)

with u(m,n), v(m,n) ∈ RN given by

u(m,n) = diag

(
cos θm

|V |
)
α(m,n) + diag

(
sin θm

|V |
)
β(m,n),

(9)

v(m,n) = diag

(
sin θm

|V |
)
α(m,n) − diag

(
cos θm

|V |
)
β(m,n).

(10)

Above, diag(x/y) denotes a diagonal matrix with the mth

entry given by xm/ym, where xm and ym are the mth entries

of vectors x and y, respectively. The expression in (6) reveals

the contribution of each nodal injection to the net active-power

flow in line (m,n). The mapping between active-power flows

and active- and reactive-power injections is established and

fully derived in [7]. Note that the parametrization of voltage

magnitudes and phases in terms of [k] is dropped in (9)

and (10) to contain notational burden.
For subsequent discussions, we will assume that we are

interested in controlling the active-power flows on E lines.

Collecting these from (6), we write

P(m,n)[k] = ΦP [k]P [k] + ΦQ[k]Q[k], (11)

where (with a slight abuse of notation) P(m,n) ∈ RE collects

the active-power flows of interest, and ΦP [k], ΦQ[k] ∈ RE×N
are constructed appropriately from (7) and (8), respectively.

C. State-space Model
With respect to the network described above, consider

small variations in nodal active- and reactive-power injections

ΔP [k] = P [k + 1] − P [k] and ΔQ[k] = Q[k + 1] − Q[k],
respectively. Using (11), the effect of these small variations

on P(m,n) can be approximated as

P(m,n)[k + 1] = ΦP [k] (P [k] + ΔP [k])

+ ΦQ[k] (Q[k] + ΔQ[k]) , (12)
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Fig. 1: Block diagram for the closed-loop control system.

which yields the following recurrence relation:

P(m,n)[k + 1] = P(m,n)[k] + ΦP [k]ΔP [k] + w[k], (13)

where w[k] = ΦQ[k]ΔQ[k] represents a bounded external

disturbance due to changes in reactive-power injections that

arise either naturally in the system or due to (coupling with)

active-power injection variations. In either case, we do not

exercise any control over it. We are interested in regulating

network active-power line flows to desired setpoints despite

uncontrolled variations in reactive power. Specifically, our goal

is to optimally track the line flows P(m,n)[k] ∈ RE to some

reference P ref
(m,n) ∈ RE usingΔP [k] ∈ RN as the control input

while satisfying power balance. In subsequent discussions, we

assume that we do not have access to perfect measurements

of the line flows. Particularly, our measurements take the form

P (m,n)[k] = P(m,n)[k] + r[k], (14)

where r[k] ∈ RE is a bounded vector that captures measure-

ment noise.

We close this section with a few remarks on the stability,

controllability, and observability of the system in (13)–(14).

For a discrete-time (DT) system to be stable, its eigenvalues

must lie within the unit disc of the complex plane. The system

model in (13) is marginally stable with eigenvalues on the

boundary of the unit disc. We also find that (13) is controllable

by checking that its controllability matrix has full row rank.

Finally, with the output of the system as P (m,n)[k], the system

in (13)–(14) is observable since its observability matrix has full

column rank. With these properties satisfied, next, we describe

the design of a linear-quadratic-Gaussian (LQG) controller to

achieve optimal tracking of P(m,n) to P ref
(m,n).

III. CONTROL DESIGN

In this section, we propose to use an LQG controller to

achieve optimal tracking of line active-power flows while

contending with measurement noise as well as errors arising

from reactive-power couplings. The general structure of the

closed-loop control system is depicted in Fig. 1. The LQG con-

troller is a combination of a linear-quadratic regulator (LQR)

state feedback and a Kalman filter state estimator. The LQG

controller is tuned by selecting the LQR performance index

weighting factors so that we optimally dispatch generators and

controllable loads (in general, active-power injections ΔP [k]).
The LQG controller is optimal in the sense that the LQR state-

feedback control law requires minimal active-power injection

deviations (away from, e.g., the optimal economic dispatch

solution) and the Kalman filter accounts for random system

and measurement noise (i.e., w[k] and r[k], respectively), with

which the power system naturally contends.

A. Linear-quadratic Regulator

The LQR optimal feedback control law is

ΔP [k] = −K
(
P(m,n)[k]− P ref

(m,n)

)
, (15)

where the feedback gain K (and in turn, ΔP [k]) is designed

in order to minimize the quadratic cost function [8]

J =

∞∑
k=0

(
(P(m,n)[k]− P ref

(m,n))
TΨ(P(m,n)[k]− P ref

(m,n))
)

+

∞∑
k=0

ΔPT[k]ΠΔP [k] (16)

subject to the constraints

P(m,n)[k + 1] = P(m,n)[k] + ΦP [0]ΔP [k], (17)

0 = 1TNΔP [k]. (18)

In (16), Ψ ∈ RE×E (symmetric positive semi-definite) and

Π ∈ RN×N (symmetric positive definite) are performance-

index weighing matrices. Namely, Ψ specifies the cost of line

active-power flows deviating away from their reference values,

and Π embeds the cost of the control inputs, in our case, either

generation output or controllable loads. The dynamical system

in (17) follows from (13), where the contributions of each

active-power nodal injection to the line active-power flows

at the initial condition, i.e., ΦP [0], are used. The equality

constraint (18) enforces active-power balance at each time

instant k. To systematically incorporate (18) and obtain a

standard DT infinite-horizon LQR optimal control problem,

we rewrite the quadratic cost function in (16) as follows:

JK =

∞∑
k=0

(
(P(m,n)[k]− P ref

(m,n))
TΨ(P(m,n)[k]− P ref

(m,n))
)

+
∞∑
k=0

ΔPT[k]Π̃ΔP [k] (19)

where Π̃ = (Π + 1Nγ1TN ) is a symmetric positive definite

matrix, γ ∈ R+ (and generally larger compared to entries

of Π). The cost function in (19) and constraint (17) are now

in standard LQR form. Notice that the term ΔPT[k]Π̃ΔP [k]
not only embeds the cost of control input (as in (16)) but also

penalizes solutions that violate power balance.

In accordance with standard LQR design, K ∈ RN×E is

the optimal state-feedback gain, given by [9]

K =
(
Π̃ + ΦT

P [0]GΦP [0]
)−1

ΦT
P [0]G. (20)

Above, G is the unique positive definite solution of the discrete

algebraic Riccati equation (DARE) described by [9]

Ψ−GΦP [0]
(
Π̃ + ΦT

P [0]GΦP [0]
)−1

ΦT
P [0]G = 0. (21)

As expressed in (20), K is computed only once using ΦP [0]
obtained at the initial condition. We could also choose to
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Fig. 2: Network topology for a 4-bus system.

reevaluate the feedback gain K at each time instant k with

ΦP [k]. In practical implementation, we expect that K would

be updated periodically as the operating point deviates further

away from the initial conditions.

B. Kalman Filter

It is often preferable to use a constant estimation gain to

simplify the implementation of the Kalman filter, which in

most cases does not degrade the estimator performance. In

light of this, the Kalman filter estimation law is chosen as

P̂(m,n)[k + 1] = P̂(m,n)[k] + ΦP [k]ΔP [k]

+ L(P (m,n)[k]− P̂(m,n)[k]), (22)

where P̂(m,n)[k] represents the state estimates, P (m,n) is the

measurement of the line flows, and L is the steady-state

Kalman filter optimal gain. The optimal state-estimation gain

is given by [9]

L =M (M +Rr)
−1
, (23)

where Rr denotes the measurement noise (i.e., r[k]) covari-

ance. In (23), M is the unique positive definite solution for

the Kalman filter DARE described by [9]

Rw −M (Rr +M)
−1
M = 0, (24)

where Rw denotes the covariance of ΔQ[k]. With the L
specified in (23), the DT steady-state Kalman filter minimizes

the error covariance of the estimated states given by [8]

JL = E
{
(P(m,n)[k]− P̂(m,n)[k])

T(P(m,n)[k]− P̂(m,n)[k])
}
.

Based on the separation principle, the LQR state feedback

control law and Kalman filter observer are designed separately

and combined afterwards [9]. A DT infinite-horizon LQR

control law is designed by specifying the weighting factors of

the non-standard LQR cost function in (19). The cost function

incorporates the power balance constraint to ensure feasibility

of the injections at all times. As for the observer, a steady-state

Kalman filter gain is obtained by incorporating random white-

Gaussian disturbances and measurement noise in the system.

IV. CASE STUDIES

This section illustrates the concepts developed in Sec-

tions II–III on a four-bus system with the one-line diagram

shown in Fig. 2. Even though a power-flow model is used

to design the LQG controller, it is verified with time-domain

simulations of a full nonlinear differential-algebraic equa-

tion model accounting for synchronous generator dynamics.

Fig. 3: Time-domain simulation and line flow control relative

time scales.

Throughout our case studies, PSAT is used to perform these

time-domain simulations [10]. With respect to the 4-bus sys-

tem in Fig. 2, synchronous generators, modelled with the

classical model [11], are connected to buses 1, 2, and 3 and

are initially injecting P1[0] = 0.426 p.u., P2[0] = 1.1 p.u.,

and P3[0] = 0.5 p.u., respectively. A constant-power load

is connected to bus 4, with active-power injection P4[0] =
−2 p.u. and reactive-power injection Q4[0] = −0.5 p.u. The

voltage magnitudes at buses 1, 2, and 3 are regulated to be

|V1| = 1 p.u., |V2| = 1 p.u., and |V3| = 1 p.u., respectively.

Transmission lines are modelled using lumped parameters,

where y14 = y23 = y12 = 0.99 − j9.9 p.u., with ysh12 =
j0.05 p.u., and y24 = y34 = 0.495 − j4.95 p.u. The resulting

active-power flow on line (1, 4) is P(1,4)[0] = 0.834 p.u.

Suppose that line (1, 4) supports a maximum active-power

flow limit of 0.7 p.u. Thus, we wish to reduce its flow to

P ref
(1,4) = 0.7 p.u. by specifying optimal active-power injections

via the LQG-control framework introduced in Section III. We

assume that the load at bus 4 must be served by the generators

in the system, so the cost associated with varying the active-

power injection at bus 4 is set to be exceedingly high. With this

in mind, two scenarios are considered: (i) Case A—generator

injection variations at buses 1, 2, and 3 have equal cost, and

(ii) Case B—the cost of generation at bus 2 is lowered.

A. Equal Generator Costs

From the initial power-flow solution, we compute the nodal

active- and reactive-power injection contribution factors us-

ing (11), with which the optimal feedback gain K is de-

termined using (20) and the optimal state estimation gain

L is computed using (23). With these control aspects in

place, a time-domain simulation is performed to mimic the

dynamic behaviour of the nonlinear system and is sampled

at discrete intervals of ΔT = 0.0333 s. This sampling

time is realistic and well within the capability of current

measurement technology [12]. As the bus voltages, angles,

and nodal injections change throughout the transient response,

the nodal active- and reactive-power injection contributions

are recomputed at every time step. Then, leveraging the

recomputed nodal injection contributions, the controller de-

termines the optimal nodal active-power injection variations

via ΔP [k] = −K(P(m,n)[k] − P ref
(m,n)), which serve as an

input to the time-domain simulation. The interactions between
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Fig. 4: Trajectory of active-power flow in line (1, 4). The line
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Fig. 5: Active-power injection variations and imbalances.

the time-domain and the line-flow controller simulations are

illustrated in Fig. 3.

As shown in Fig. 4, the LQG controller behaves as expected

and the active-power flow in line (1, 4) indeed converges to

the desired reference value of P ref
(1,4) = 0.7 p.u. in less than 1 s.

With respect to the active-power injections shown in Fig. 5,

the cost of varying the load at bus 4, i.e., ΔP4, is set to be

exceedingly expensive whereas injection variations at other

buses are equally priced. Due to its high price, as shown in

Fig. 5, ΔP4[k] remains at 0 throughout the simulation. The

active-power injection imbalances are eliminated resulting in

total active-power injection changes of ΔP1 = −0.33 p.u.,

ΔP2 = 0.082 p.u., ΔP3 = 0.247 p.u., and ΔP4 = 0 p.u.

B. Incorporating Different Generator Costs

For Case B, suppose that it is desirable to increase the

active-power contribution of bus 2 due to a lower generation

cost. This is achieved by lowering the weighting factor within

the LQR formulation corresponding to ΔP2. In this case,

the load remains exceedingly expensive, and ΔP1 and ΔP3

remain equally priced, as in Case A. As shown in Fig. 4,

similar to Case A, P(1,4)[k] converges to its desired reference

value. The active-power injection variation at bus 2 increases

due to its lower cost. In Fig. 5, the load remains unchanged

and power balance is maintained throughout. For this case, the

total active-power injection changes are ΔP1 = −0.36 p.u.,

ΔP2 = 0.189 p.u., ΔP3 = 0.171 p.u., and ΔP4 = 0 p.u.

V. CONCLUDING REMARKS

In this paper, we proposed a method for controlling active-

power flows on transmission lines using LQG control. The

main advantages of LQG control are intuitive tuning of design

parameters, optimal trajectories regardless of disturbance size

or initial conditions, and robustness against disturbance and

measurement noise. The LQG controller dynamic performance

and time response were demonstrated via case studies involv-

ing a 4-bus network. Compelling avenues for future work

include decentralized implementations as well as applications

in congestion management and the line reclosure problem.
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