Section 4.1 Maximum and Minimum Values 2010 Kiryl Tsishchanka

EXAMPLES:
(a) Find the critical numbers of f(x) = 223 — 922 4+ 122 — 5. il
Solution: We have ol
f'(z) = 62° — 18z + 12 T !
= 6(2? — 32+ 2) Rl 1N\2/ 3
=6(x—1)(z —2) _9 1

thus f/(z) =0 at = 1 and = = 2. Since f'(x) exists everywhere, z = 1 and = = 2 are the only
critical numbers.

(b) Find the critical numbers of f(z) = 2z + 3v/22.

Solution: We have
f(x) = (22 + 3277

= 22" 4 3(2*/3)

2
=2-1+3 2o

Cpagps_ [2, 2 20T 2 2v2)  2AYat))
or
949,13 = {2$—1/3 VP 2p 1 = 20 358 4 1)} _ 2(/x +1)
&
In short,
2(v 1
fl<x> 24 21,—1/3 — Qx—1/3(x1/3 + 1) — %

It follows that f’(x) equals 0 when /z + 1 = 0, which is at x = —1; f’(z) does not exist when
¥z =0, which is at = 0. Thus the critical numbers are —1 and 0.

24k

—
_5/4—3 —2 —1 1
14

EXAMPLE: Find the critical numbers of f(z) = 2'/3(2 — z).
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EXAMPLE: Find the critical numbers of f(z) = 2'/3(2 — x).

Solution: We have

fl@)=["*2~a)]

= (2'2)(2 — z) + 222 — 2) B

_ %x_2/3(2 _ ) 2B (=)

_2-% ap
3:1:2/3

_{2—:1: g/ 3223 2—x 3w 2—:5—3;5_2—4;5}_2(1—23:)

372/3  322/3  32/3  322/3  32/3  342/3 32/3
In short,
2—z 2(1 — 2x)
/ (/3N /319 N\ _ 1/3
flla)= @) 2-2)+2/72—2) = 322/3 ro = 3:2/3
Here is an other way to get the same result:
fl(z) = [z"72 = 2))
_ (21,1/3 _ 174/3>,
_ 2(1‘1/3)/ . (ZE4/3),
—9. §x1/31 _ §x4/31
2 g 4y 2 42! 2 Ag'/3 232 4z 2—4dw
T30 T3Y T T\ Ba2B T T3 T 3228 T 3.423 3523 3323 3423
~2(1 —2x)
32/3
o 2 4 2 2 2 2(1 — 2z)
T I Vi S e pee T B P T M g T T _ A
=37 3% = {31; 1 5% 20 = 3% (1 2:1:*)} = 3.2
In short,
2 4 2 2(1 — 2z)
reoN 13, 4/3y 4 —2/3 X 1/3 4 _2/3.1 _ =)
fi(x)=(2z xe) = 335 3:v = 3:B (1—-2x) = 3,2/

1
It follows that f’(z) equals O when 1 — 2z = 0, which is at x = Y f'(z) does not exist when

1
22/3 = 0, which is at z = 0. Thus the critical numbers are 3 and 0.
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THE CLOSED INTERVAL METHOD: To find the absolute maximum and minimum values
of a continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a,b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Step 1 and 2 is the absolute maximum value; the smallest
value of these values is the absolute minimum value.

EXAMPLE: Find the absolute maximum and minimum values of f(x) = 2z* — 152 + 36x on
the interval [1,5] and determine where these values occur.

Solution:

Step 1: Since
f'(z) = 62° — 307 + 36 = 6(2* — 52+ 6) = 6(x — 2)(x — 3)
there are two critical numbers x = 2 and x = 3.

Step 2: We now evaluate f at these critical numbers and at the endpoints z = 1 and x = 5.
We have

f(1)=23, f(2)=28, f(3)=27, f(5) =55
Step 3: The largest value is 55 and the smallest value is 23. Therefore the absolute maximum

of f on [1,5] is 55, occurring at x = 5 and the absolute minimum of f on [1, 5] is 23, occurring
at x = 1.

EXAMPLES:

(a) Find the absolute maximum and minimum values of f(z) = 2z% — 152% + 242 + 2 on [0, 2]
and determine where these values occur.

(b) Find the absolute maximum and minimum values of f(z) = 62/ — 3z'/3 on the interval
[—1,1] and determine where these values occur.
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EXAMPLES:

(a) Find the absolute maximum and minimum values of f(z) = 2% — 152% + 24x + 2 on [0, 2]
and determine where these values occur.

Solution:

Step 1: Since
f'(z) = 62° — 300 + 24 = 6(2* — 5z +4) = 6(x — 4)(x — 1)
there are two critical numbers z = 1 and =z = 4.

Step 2: Since z = 4 is not from [0, 2], we evaluate f only at x = 1 and at the endpoints z = 0
and z = 2. We have

Step 3: The largest value is 13 and the smallest value is 2. Therefore the absolute maximum
of fon [0,2] is 13, occurring at = = 1 and the absolute minimum of f on [0, 2] is 2, occurring
at © = 0.

(b) Find the absolute maximum and minimum values of f(x) = 62 — 3z'/® on the interval
[—1,1] and determine where these values occur.

Solution:

Step 1: Since
4 1
f’(a:) _ (6334/3 . 3331/3)/ _ 6(.234/3)/ . 3(1,1/3)/ —6- §334/3—1 —3. gﬂ?l/?’_l
_ Ql/3 _ 23

=8 2Py — 12723

=738z — 1)
8r —1
R
there are two critical numbers x = 0 and x = 3
Step 2: We now evaluate f at these critical numbers and at the endpoints z = —1 and = = 1.
We have . 9
ren=9 s =0 f(5)=-5 fm=3
9
Step 3: The largest value is 9 and the smallest value is —3 Therefore the absolute maximum
9
of fon [-1,1] is 9, occurring at * = —1 and the absolute minimum of f on [—1,1] is —3

1
occurring at x = 3
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Appendix
EXAMPLE: Find the absolute maximum and minimum values of f(x) = 2z + 3 on [—1,4] and

determine where these values occur.

Solution:
Step 1: Since

f(z)=02x+3)=22) -3 =2(x) -3 =2-1-0=2
there are no critical numbers.

Step 2: Since there are no critical numbers, we evaluate f at the endpoints + = —1 and x =4
only. We have

f(=1)=2(-1)+3=-2+3=1
fA)=24)+3=8+3=11

Step 3: The largest value is 11 and the smallest value is 1. Therefore the absolute maximum of
fon [—1,4] is 11, occurring at = 4 and the absolute minimum of f on [—1,4] is 1, occurring
at © = —1.

EXAMPLE: Find the absolute maximum and minimum values of f(z) = 222 —8z+1 on [—1, 3]
and determine where these values occur.

Solution:

Step 1: Since

fl(r) = (22> =8z +1) = (22%) — (8z) + 1" =2(z*) - 8(2) +1"'=2-20 —-8-14+0 =4z — 8

the number at which f’ is zero is 2. Therefore x = 2 is the critical number.

Step 2: We evaluate f at the critical number x = 2 and at the endpoints z = —1,3. We have
f2)=2-22-8.2+4+1=2-4-8-24+1=8-16+1= -7
f(=1)=2(-1)> =8(-1)+1=2+8+1=11
f(3)=2-3-8-3+1=2-9-8-3+1=18-24+1=-5

Step 3: The largest value is 11 and the smallest value is —7. Therefore the absolute maximum

of f on [—1,3] is 11, occurring at = —1 and the absolute minimum of f on [—1,3] is =7,
occurring at r = 2.

EXAMPLE: Find the absolute maximum and minimum values of f(z) =5 — 2% on [-2, 1] and
determine where these values occur.

10
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EXAMPLE: Find the absolute maximum and minimum values of f(z) =5 — 23 on [-2, 1] and
determine where these values occur.

Solution:

Step 1: Since
fl(x)=(5B-2%) =5 —(2*) =0 — 32> = —32°

the critical number is z = 0.

Step 2: We evaluate f at the critical number z = 0 and at the endpoints z = —2,1. We have

f(0)=5-0*=5-0=5

fy=5-1"=5-1=4

Step 3: The largest value is 13 and the smallest value is 4. Therefore the absolute maximum of
fon [—2,1] is 13, occurring at x = —2 and the absolute minimum of f on [—2,1] is 4, occurring
at v = 1.

EXAMPLE: Find the absolute maximum and minimum values of f(z) = 2®+3z* —1 on [-3, 2]
and determine where these values occur.

Solution:

Step 1: Since

fl(x) = (2 +32° — 1) = (%) + (32?) - 1" = (2*) +3(z*) — 1" =32 +3-22 — 0 = 32° + 6x
= 3z(x + 2)

the critical numbers are x = 0 and z = —2.

Step 2: We evaluate f at the critical numbers x = 0, —2 and at the endpoints x = —3,2. We
have

f0O)=0*+3-0°-1=0+0—-1=—1

(
(=2)=(-2*+3-(—2?*—-1=-8+12—-1=3
(—

(

(g

-

3)=(=3P+3- (=3 -1=-27+27T—-1=—1
f2)=2°+3-22-1=8+12—-1=19

Step 3: The largest value is 19 and the smallest value is —1. Therefore the absolute maximum

of f on [-3,2] is 19, occurring at z = 2 and the absolute minimum of f on [-3,2] is —1,

occurring at x = 0 and z = —3.

11
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EXAMPLE: Find the absolute maximum and minimum values of f(z) = 3z* + 423 — 3622 on
[—2, 3] and determine where these values occur.

Solution:

Step 1: Since
f(z) = (32" + 42® — 362°)" = (32*) + (42°)" — (362%)" = 3(2*) + 4(2*)' — 36(x?)’
=3-42° +4-322 —36- 2z
=122 4+ 122% — 72z
= 12z(2* + = — 6)

= 12z(x — 2)(x + 3)
the critical numbers are x =0, x = 2, and x = —3.

Step 2: Since —3 ¢ [—2, 3], we evaluate f only at the critical numbers x = 0,2 and at the
endpoints ¢ = —2,3. We have

f(0)=3-0"+4-0°-36-0°=0+0—-0=0
f(2)=3-2"+4.2° -36-2 =48+ 32 — 144 = —64
f(=
f(3)=3-3"+4-3>-36-3% =243 + 108 — 324 = 27

2) =3 (=2)*+4-(—2)% =36 (—2)> =48 — 32 — 144 = —128

Step 3: The largest value is 27 and the smallest value is —128. Therefore the absolute maximum
of f on [—2,3] is 27, occurring at = 3 and the absolute minimum of f on [—2,3] is —128,
occurring at x = —2.

1
EXAMPLE: Find the absolute maximum and minimum values of f(z) = —— on [0.4,5] and
x

determine where these values occur.

Solution:
Step 1: We have

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is
x = 0, but this number is not from the domain of f. Therefore f does not have critical numbers.

Step 2: Since f does not have critical numbers, we evaluate it only at the endpoints x = 0.4
and x = 5. We have
1 1 1 1
04) =— —6.25 5)=——==——=-0.04

f(04) (0.4)2 016 /() 52 25
Step 3: The largest value is —0.04 and the smallest value is —6.25. Therefore the absolute
maximum of f on [0.4, 5] is —0.04, occurring at x = 5 and the absolute minimum of f on [0.4, 5]
is —6.25, occurring at x = 0.4.

12
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12
EXAMPLE: Find the absolute maximum and minimum values of f(x) = 20— 3z — — on [2,4]
T

and determine where these values occur.

Solution:
Step 1: We have

fl(x) = (20 — 37 — 1;2), = (20— 3z — 1227") = 20/ — (32)' — (1227")

/

=20 -3-2'—12(27")

=0-3-1—12(=1)z !

= -3+ 12272
Since
1 12 =322 12 —322+12
3120t = 3412 = 34 = o S TP
x x x x x
—3(z* —4)
—3(x? — 22)
—3(z — 2)(x + 2)
we have 3 2)( 2)
, r—2)(x+
f ($) == 72
The numbers at which f’ is zero are x = 2 and # = —2. The number at which f’ does not exist
is x = 0. But f is not defined at x = 0, therefore the critical numbers of f are x = —2 and
x = 2 only.

Step 2: Since —2 ¢ [2,4], we evaluate f only at the critical number = 2 (which is also one
of the endpoints) and at the second endpoint x = 4. We have

12
f2)=20-3-2— - =20-6-6=38

12
f4)=20-3-4— —=2-12-3=5

Step 3: The largest value is 8 and the smallest value is 5. Therefore the absolute maximum of
f on [2,4] is 8, occurring at = 2 and the absolute minimum of f on [2,4] is 5, occurring at
r=4.

13
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EXAMPLE: Find the absolute maximum and minimum values of f(z) = 2/ on [—8,1] and
determine where these values occur.

Solution:
Step 1: We have

' _ 1/3\" _ 1/3\ _ .11/3—1_2—2/3_ 2
fl@)=(2277) =2 (') =2 227 = 2070 = o

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is

x = 0, so the critical number is x = 0.

Step 2: We evaluate f at the critical number x = 0 and at the endpoints x = —8 and =z = 1.
We have

f<_8):2\3/—_8:2-(—2):_4
f=2v1=2-1=2

Step 3: The largest value is 2 and the smallest value is —4. Therefore the absolute maximum of
fon [=8,1] is 2, occurring at = 1 and the absolute minimum of f on [—8, 1] is —4, occurring
at v = —8.

EXAMPLE: Find the absolute maximum and minimum values of f(x) = —52%3 on [~1, 1] and
determine where these values occur.

Solution:
Step 1: We have

/ (k23 2/3’___22/3—1__9 -1/3 _ 10
f(z) = (=52*?) = =5 (%) = 5395 =37 = 3,17
Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is
x = 0, so the critical number is x = 0.

Step 2: We evaluate f at the critical number x = 0 and at the endpoints x = —1 and =z = 1.
We have

f(0)=—=5(0)*3=—-5.0=0
F(=1) = —5(=1)* = —5<(—1)2)1/3 = 5(1)B=_5.1=-5

f)=-51)=-5.-1=-5

Step 3: The largest value is 0 and the smallest value is —5. Therefore the absolute maximum of
fon [—1,1] is 0, occurring at x = 0 and the absolute minimum of f on [—1,1] is —5, occurring
at © = £1.

EXAMPLE: Find the absolute maximum and minimum values of f(x) = *? on [-27,27] and
determine where these values occur.

14
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EXAMPLE: Find the absolute maximum and minimum values of f(x) = 2*/® on [~27,27] and
determine where these values occur.

Solution:
Step 1: We have

F(z) = (1,4/3)’ _ §x4/3_1 _ %ml/?,

Note that there are no numbers at which f’ does not exist. The number at which f’ is zero is
x = 0, so the critical number is x = 0.

Step 2: We evaluate f at the critical number z = 0 and at the endpoints x = —27 and x = 27.
We have

F0)=0"=0
F=21) = (20 = ((21)) " = (-3)* =1

4
JT) =27 = (278) =3t =81

Step 3: The largest value is 81 and the smallest value is 0. Therefore the absolute maximum
of f on [—-27,27] is 81, occurring at * = +27 and the absolute minimum of f on [—27,27] is 0,
occurring at x = 0.

EXAMPLE: Find the absolute maximum and minimum values of f(x) = v/4 — 22 on [—2,1]
and determine where these values occur.

Solution:
Step 1: We have

f/(@ _ ((4 . 132)1/2)/ _ %(4 . x2)1/271 . (4 . :c2)’ _ %(4 . x2)*1/2 . (4/ . (x2)’)

_ %(4 _ )2 (0= 20) = %(4 _ )2 (—22) = —a(d— )V

T T

4-a)2 A2
Note that the number at which f’ is zero is x = 0 and the numbers at which f’ does not exist

are x = £2. Therefore the critical numbers are x = 0, —2, 2.

Step 2: Since 2 ¢ [—2, 1], we evaluate f only at the critical numbers x = 0, —2 (which is also
one of the endpoints) and at the second endpoint x = 1. We have

fO)=vV4-02=V4A—0=V4=2

f(=2)=v/4—-(-22=V4—4=V0=0

f)=vVa—-12=4—-1=+3

Step 3: The largest value is 2 and the smallest value is 0. Therefore the absolute maximum of
f on [—2,1] is 2, occurring at x = 0 and the absolute minimum of f on [—2,1] is 0, occurring
at x = —2.

15
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5
EXAMPLE: Find the absolute maximum and minimum values of f(x) = cosz on [—g, g}
and determine where these values occur.

Solution:

Step 1: We have
f'(x) = —sinx

T OT
Note that there are no numbers at which f’ does not exist. The numbers in [—5, 7} at which

f’is zero on are x = 0, 7, 27, so the critical number is x = 0, 7, 27.

Step 2: We evaluate f at the critical numbers x = 0, 7, 27 and at the endpoints * = ——, —.
We have

f(0) =cos0 =1
f(m) =cosm=-1

F(27) = cos(2m) = 1
1(=3) = (-3)
/(5)- (%)

Step 3: The largest value is 1 and the smallest value is —1. Therefore the absolute maximum

5 5
of f on [—g, ;} is 1, occurring at = 0, 27 and the absolute minimum of f on [—g, g} is
—1, occurring at x = .

0

0
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