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3.4 | CURVE SKETCHING

FIGURE |

EXAMPLE A Sketch the graph of f(x) =
A.

x2

Jx+ 1o
Domain = {x|x + 1 >0} = {x|x > —1} = (=1, =)

B. The x- and y-intercepts are both 0.
C
D

. Since

Symmetry: None
x2
lim ——— =
wa Vx+ 1

there is no horizontal asymptote. Since v/x + 1 — 0 as x — —17 and f(x) is

always positive, we have )

X
lim ——— =
XHH—I}* Vx + 1
and so the line x = —1 is a vertical asymptote.
Fla) = 2xvx +1—x2-1/2Vx + 1) _ x(Bx+4)
* X+ 2x + 1)

We see that f'(x) = 0 when x = 0 (notice that —% is not in the domain of f ), SO
the only critical number is 0. Since f'(x) < 0 when —1 < x < 0O and f'(x) > 0
when x > 0, f is decreasing on (—1, 0) and increasing on (0, ).

Since f'(0) = 0 and f’ changes from negative to positive at 0, f(0) = 0 is a local
(and absolute) minimum by the First Derivative Test.

20x + 1)2(6x + 4) — Bx? + 4x)3(x + 1)'? 3x? + 8x + 8

J'0 = 4(x + 1) A+ D)

Note that the denominator is always positive. The numerator is the quadratic

3x? + 8x + 8, which is always positive because its discriminant is

b* — 4ac = —32, which is negative, and the coefficient of x? is positive. Thus,
Jf"(x) > 0 for all x in the domain of f, which means that f is concave upward on
(—1, ) and there is no point of inflection.

. The curve is sketched in Figure 1.
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W EXAMPLE B Draw the graph of the function

X2+ Tx+3

f ==

in a viewing rectangle that contains all the important features of the function. Esti-
mate the maximum and minimum values and the intervals of concavity. Then use
calculus to find these quantities exactly.

SOLUTION Figure 2, produced by a computer with automatic scaling, is a disaster.
Some graphing calculators use [—10, 10] by [—10, 10] as the default viewing rect-
angle, so let’s try it. We get the graph shown in Figure 3; it’s a major improvement.

3% 10% 10

—10

FIGURE 2 FIGURE 3

The y-axis appears to be a vertical asymptote and indeed it is because

x*+7x+3

i ==
Figure 3 also allows us to estimate the x-intercepts: about —0.5 and —6.5. The
exact values are obtained by using the quadratic formula to solve the equation
x>+ Tx+3=0;wegetx = (=7 * /37)/2.

To get a better look at horizontal asymptotes, we change to the viewing rectangle
[—20, 20] by [—5, 10] in Figure 4. It appears that y = 1 is the horizontal asymptote
and this is easily confirmed:

To estimate the minimum value we zoom in to the viewing rectangle [—3, 0] by
[—4, 2] in Figure 5. The cursor indicates that the absolute minimum value is about
—3.1 when x = —0.9, and we see that the function decreases on (—, —0.9) and
(0, 0) and increases on (—0.9, 0). The exact values are obtained by differentiating:

, 7 6 Ix + 6
fO ==

X X X

This shows that f'(x) > 0 when —% < x < 0 and f'(x) < 0 when x < —% and when
x > 0. The exact minimum value is f(—%) = =3 =~ —3.08.

Figure 5 also shows that an inflection point occurs somewhere between x = —1
and x = —2. We could estimate it much more accurately using the graph of the
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second derivative, but in this case it’s just as easy to find exact values. Since

, 14 18 2(7x+9)
f'O=—=+—==——5
X X

X

we see that f”(x) > 0 when x > —2 (x # 0). So f is concave upward on (=2, 0)
and (0, ) and concave downward on (—o, —2). The inflection point is (=2, —2).
The analysis using the first two derivatives shows that Figure 5 displays all the

major aspects of the curve. [ |

x(x +1)°

7 EXAMPLE C Graph the function f(x) = m.

SOLUTION Drawing on our experience with a rational function in Example B, let’s
start by graphing f in the viewing rectangle [—10, 10] by [—10, 10]. From Figure 6
we have the feeling that we are going to have to zoom in to see some finer detail
and also zoom out to see the larger picture. But, as a guide to intelligent zooming,
let’s first take a close look at the expression for f(x). Because of the factors (x — 2)?
and (x — 4)* in the denominator, we expect x = 2 and x = 4 to be the vertical
asymptotes. Indeed

y (x+ 1) . d i (x+ 1)
im——— = an im——— =
=2 (x = 2)(x — 4)* =4 (x = 2)%(x — 4)*

To find the horizontal asymptotes we divide numerator and denominator by x°:

Xt ) l<1+L>3
Ca+ X x? _ x x
(=2 -4 (-2 (x—4) 2\ 4

2 x* U

This shows that f(x)—0 as x— *oo, so the x-axis is a horizontal asymptote.

It is also very useful to consider the behavior of the graph near the x-intercepts.
Since x? is positive, f(x) does not change sign at 0 and so its graph doesn’t cross the
x-axis at 0. But, because of the factor (x + 1)°, the graph does cross the x-axis at
—1 and has a horizontal tangent there. Putting all this information together, but
without using derivatives, we see that the curve has to look something like the one
in Figure 7.

Now that we know what to look for, we zoom in (several times) to produce the
graphs in Figures 8 and 9 and zoom out (several times) to get Figure 10.
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