Applications

EXAMPLE: Suppose that, over a 10-month period, the price of stock A is given by f(z) =
2'/2 + 5 and the price of stock B is given by g(z) = .12%/2 + 5.

(a) When are stocks A and B increasing in price?

Solution: The first derivatives of the price functions are, respectively,

1 1
f’(l’) _ (I1/2 + 5)/ _ (ZEI/2), + (5)/ _ 511,1/2—1 40 = éx_l/Q

and

3 3
g (x) = (1232 +5) = (1% + (5) = 1(2¥?) + (5) = 1 (§> 0= §x1/2

1/2 2

Both derivatives are always positive (because 27/2 and x'/2 are positive for > 0). So both

price functions are increasing for all z > 0.

(b) At what rate are these stock prices increasing in the 10th month? What does this suggest
about their future performance?

1 3
Solution: The rate at which f'(z) = ~z~%/? and ¢'(z) = §x1/2 are increasing is given by their

derivatives (the second derivatives of f and g):

P =y = () = e =g (g ) = e

and
3 "3 ;31 3 3 3
" () r_ (2 02\ 2 a2y 22 /2-1 _ <2 -1/2 __ 2 __ 2
g (l‘) (g (l‘)) <2SL’ ) 2 (.T ) 2 (2) xr 4$ 4\/5 40\/5
When z = 10,
F10) = —— ~ —.0079 and g"(10) = —°— ~ 0237
44/103 404/10

The rate of increase for stock A is negative, meaning
that its price is increasing at a decreasing rate. The
rate of increase for stock B is positive, meaning that its
price is increasing at an increasing rate. In other words,
the price of stock A is increasing more and more slowly,
while the price of stock B is increasing faster and faster.
This result suggests that stock B is probably a better
investment for the future.

Price

The preceding discussion assumes that present trends
continue (which is not guaranteed in the stock market).

If they do continue for another 10 months, then the Fig- 5 10 5 20

ure on the right shows what will happen to the stocks Monihs

during this period.



EXAMPLE: Find intervals of concavity and the inflection points of f(z) = 2* — 423 + 422
Solution: We have
fl(z) = (2* — 42® + 42?) = (2*)" — (42®) + (42?)
" 4(23) + 42
= (42°) — 4(32%) + 4(22)
= 42” — 122° + 8z
and
f'(@) = (f'(x)) = (42” — 122% + 8z)' = (42”)" — (122)' + (8x)’
= 4(2%) — 12(2?) + 8(z)
= 4(32%) — 12(22) + 8(1)
= 122" — 24z + 8
= 4(32% — 62 + 2)

Solving the quadratic equation 3z — 6x + 2 = 0, we obtain that f”(x) =0 at

x_—bivb2—4ac
- 2a
_—(—6)j: (—6)2—4-3-2
N 2.3

+ /12 12 4. 4 2
_6EVI2_fJ6 V12 VA3 VAV 2vB| VB

6 6 6 6 6 2.3 3

We have
L 1+ 2 _
+ 3 a 3 +

Therefore f is concave upward on (—oo, 1 —+/3/3) and (14 +/3/3, 00); it is concave downward
on (1—1+/3/3,14+/3/3). The points 1=+ +/3/3 are the inflection points since the curve changes
from concave upward to concave downward and vice-versa there.
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The law of diminishing returns in economics is related to the idea of concavity. The graph
of the function f in the Figure below shows the output y from a given input z. For instance,
the input might be advertising costs and the output the corresponding revenue from sales.

v

} (c, f(c)
&) pram g Inflection point

Output (dollars)

0

Input (dollars)

The graph in the Figure above shows an inflection point at (¢, f(c)). For x < ¢, the graph is
concave upward, so the rate of change of the slope is increasing. This indicates that the output
y is increasing at a faster rate with each additional dollar spent. When x > ¢, however, the
graph is concave downward, the rate of change of the slope is decreasing, and the increase in
y is smaller with each additional dollar spent. Thus, further input beyond c¢ dollars produces
diminishing returns. The point of inflection at (¢, f(c)) is called the point of diminishing
returns. Any investment beyond the value ¢ is not considered a good use of capital.

EXAMPLE: The revenue R(z) generated from airline passengers is related to the number of
available seat miles x by

R(x) = —.9282° + 31.4922” — 326.80x + 1143.88 (8 < x < 12)

where x is measured in hundreds of billions of miles and R(z) is in billions of dollars. Is there
a point of diminishing returns for this function? If so, what is it? (Data from: Air Transport
Association of America.)

Solution: Since a point of diminishing returns occurs at an inflection point, we must find R"(z).
We have

R(x) R'(z) = (R'(x))
= (—.9282° 4 31.4922% — 326.80z + 1143.88)’ = (—2.7842” + 62.984z — 326.80)’
= (—.9282%) + (31.49222) — (326.80x)" + (1143.88) = (—2.7842?) + (62.984x)" — (326.80)’

= —.928(2%) + 31.492(2?) — 326.80(x)’ + (1143.88) = —2.784(z?) + 62.984(z) — (326.80)

= —.928(32%) + 31.492(2x) — 326.80(1) + 0 = —2.784(2x) + 62.984(1) — 0
= —2.7842% 4 62.984z — 326.80 = —5.568x + 62.984
which exist for every z. When we set R”(x) = 0 and solve for x, we obtain
—62.984
—5.0687 +62.984 =0 == —5.568z = —62.984 =— x= “rres © 11.31

Test a number in the interval (8,11.31) to see that R”(z) is positive there. Then test a number
in the interval (11.31,12) to see that R”(x) is negative in that interval. Since the sign of R"(z)
changes from positive to negative at * = 11.31, the graph changes from concave upward to
concave downward at that point, and there is a point of diminishing returns at the inflection
point (11.31,133.54). Increasing capacity beyond 1.131 trillion seat miles would not pay off.



EXAMPLE: The number of bicycle trips (in thousands) made in month x by Capital Bikeshare
members in Washington, DC can be approximated by

g(x) = 272> — 7520* +63r —42 (1 <z <17)

where z = 1 corresponds to the month of January, 2011. Find all local extrema of this function,
and interpret your answers. (Data from: www.capitalbikeshare.com.)

Solution First find the critical numbers. The first derivative is

(.272° — 7.52”% 4 63w — 42)'

g9'(x)
= (.272%)" — (7.52%) + (63z)" — (
= .27(z*) — 7.5(2*) + 63(z) — (
= .27(32%) — 7.5(22) + 63(1) — 0

)
)

/
/

42
42
= 8122 — 15z + 63

Since ¢'(z) always exists, critical numbers can occur only where ¢'(x) = 0. We find the solutions
to .812% — 152 + 63 = 0 using the quadratic formula

btV —dac  —(—15) £4/(—15)> —4(.81)(63) 15+ 1/20.88
B 2a B 2(.81) B 1.62

x ~6.4,12.1

The critical numbers are approximately 6.4 and 12.1. Now use the second-derivative test on
each critical number. The second derivative is

g (x) = (812 — 152 + 63)’
(.81z%) — (152)" + (63)’
81(z%) — 15(x)" + (63)’

81(2x) — 15(1) + 0
=1.62z — 15

For the critical number 6.4, we have

g"(6.4) =1.62(6.4) — 15 = —4.632 < 0
which means that there is a local maximum at x = 6.4. The local maximum value is

g(6.4) = .27(6.4)> — 7.5(6.4)* + 63(6.4) — 42 ~ 124.8

For the critical number 12.1, we have

g"(12.1) =1.62(12.1) — 15~ 4.6 > 0
hence there is a local minimum at z = 12.1. The local minimum value is
g(12.1) = 100.5

In practical terms, this means that Bikeshare use was at a high of 124,800 trips near the middle
of June (z = 6.4) and at a low of 100,500 trips near the beginning of December (z = 12.1).



Appendix 11

EXAMPLE: Let f(z) = 322
(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:

(a) We have
fl(w) = (32%) = 3(z*) =32z = 6

Since
6r=0 <«— x=0

it follows that the critical number of f is x = 0.

(b) We have
= 0 T

Therefore f is increasing on (0, 00); it is decreasing on (—o0,0).

(c) Because f'(z) changes from negative to positive at 0, the First Derivative Test tells us that
f(0) =0 is a local minimum value.

(d) We have
£"(a) = (6) = 6(z) =61 =6

Since f’(0) = 0 and f”(0) = 6 > 0, the Second Derivative Test tells us that f has a local
minimum at 0.

EXAMPLE: Let f(x) = 7z? — 3z + 2.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) = 7z? — 3z + 2.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have

fl(x) = (T2* =32 +2) = (72 — (32) +2 =7(2?) = 3(z) +2=7-20-3-1+0= 142 -3

Since 3
d4r —3=0 <= 1ldr=3 <+— x:ﬁ

it follows that the critical number of f is z = (7R

(b) We have

— g

3 3
Therefore f is increasing on (ﬁ’ oo); it is decreasing on (—oo, ﬂ) .

3
(c) Because f'(z) changes from negative to positive at w the First Derivative Test tells us

3 47
that f | — )| = — is a local minimum value.
14 28

(d) We have

f'(z) =14z —3) = (14z) =3 =14(z)' =3 =14-1-0= 14

Since f’ (%) =0 and f” <%) = 14 > 0, the Second Derivative Test tells us that f has a

local minimum at —.

14
EXAMPLE: Let f(z) =5 —x — 922
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) =5 —x — 92°.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.
Solution:
(a) We have
flle)=06—-2—-92% =5 —2' — (92*) =5 —2' —9(2*) =0—-1-9 -2 = -1 — 18z

Since
—1—-18r=0 <~— —-1=18z +— zx=-——

it follows that the critical number of f is z = TS

(b) We have

T8

L) g . 1
——); it is decreasing on | ——, 00 | .
18 ) & 18’

Therefore f is increasing on (—oo,

1
(c) Because f'(z) changes from positive to negative at BT the First Derivative Test tells us

1 181

that f| —— | = 181 is a local maximum value.
18 36

(d) We have

F'(x) = (=1 —18z) = (=1)' — (18z)' = (=1) — 18(z) =0 — 18 -1 = —18

1 1
Since f’ <—1—8> =0 and f” (_E) = —18 < 0, the Second Derivative Test tells us that f has

a local maximum at ——.

18

EXAMPLE: Let f(z) = 22° — 272% + 4.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) = 223 — 272% 4 4.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(¢) Use the First Derivative Test to find the local extreme values of f.

(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:

(a) We have

f(x) = (223 -272°44)" = (223) = (2722) +4' = 2(2%) =27 (2?) +4' = 2-32°—27-224+0 = 62> —54x

Since
62° — bz =0 <= 6r(z—9)=0
it follows that the critical numbers of f are x =0 and x = 9.

(b) We have
T B

[ =]

_|_

Therefore f is increasing on (—o0,0) and (9,00); it is decreasing on (0,9) .

(c) Because f'(x) changes from positive to negative at 0, the First Derivative Test tells us that
f(0) =4 is a local maximum value. Similarly, since f'(z) changes from negative to positive at
9, f(9) = =725 is a local minimum value.

(d) We have
f"(z) = (62* — 542)" = (62%) — (5da) = 6(2*) — 54(z) =6-20 —54-1 =127 — 54

Since f'(0) = 0 and f” (0) = —54 < 0, the Second Derivative Test tells us that f has a local
maximum at 0. Similarly, since f’'(9) = 0 and f” (9) = 54 > 0, f has a local minimum at 9.

EXAMPLE: Let f(x) = 3z — 4a3.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) = 3z — 4a3.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have

f'(x) = 3z — 42°) = (3x) — (42%) = 3(2) —4(2*) =3-1—4-32% =3 — 1222

Since

3—-1222=0 << 3=122? «— xziz}l — x=+44/-=+=

1
it follows that the critical numbers of f are x = 3 and r = —3

(b) We have
o~

Therefore f is increasing on (—1/2,1/2); it is decreasing on (—oo, —1/2) and (1/2, 00).

(c) Because f’(x) changes from positive to negative at 1/2, the First Derivative Test tells us
1
that f 5) = 1 is a local maximum value. Similarly, since f'(z) changes from negative to

1
positive at —1/2, f (—5) = —1 is a local minimum value.

(d) We have

f'(x) = (3-122°) =3 — (122?) =3 — 12(2*) =0 — 12 - 22 = —24x

1 1
Since f’ (5) =0 and f” (§> = —12 < 0, the Second Derivative Test tells us that f has a

1 1 1
local maximum at 3 Similarly, since f (—§> =0 and f” <—§) =12 > 0, f has a local

minimum at —5.
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EXAMPLE: Let f(z) = éx3 + 2% — 152 + 1.
(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have
! 1 3 2 , ]' 3 / 2\/ / / ]' 3\’ 2\/ / /
f(x) = 37 +a° =15z +1) = 37 + (%) — (15z)" + 1 25(13) + (z%) = 15(x)" + 1
L,
="+ 22— 15
Since
1?4220 -15=0 <= (z—-3)(z+5)=0
it follows that the critical numbers of f are x = 3 and x = —5.
(b) We have
Interval |z —3|z+5| f'(2) f
r <=5 — — + | increasing on (—oo, —5)
—-S<r<3| - + — | decreasing on (—5, 3)
x >3 + + + | increasing on (3, 00)
e

Therefore f is increasing on (—oo, —5) and (3, 00); it is decreasing on (-5, 3).
(c) Because f'(x) changes from positive to negative at —5, the First Derivative Test tells us

that f (—5) = —— is a local maximum value. Similarly, since f’(x) changes from negative to

positive at 3, f (3) = 26 is a local minimum value.

(d) We have
f'(x) = (2* + 20 — 15)" = () + (22) — (15)' = (z*) +2(x) — (15) =22 +2-1 -0 =272 + 2

Since f'(—5) =0 and f” (—5) = —8 < 0, the Second Derivative Test tells us that f has a local
maximum at —5. Similarly, since f'(3) =0 and f”(3) =8 > 0, f has a local minimum at 3.
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EXAMPLE: Let f(z) = 32* — 162°% + 242% + 1.

(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.

(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have
fl(x) = (32* — 162° + 242% + 1) = (32%) — (162°)" + (242?)" + 1/
=3 (") —16 («°) +24 (2*) + 1/
=3-42%—16-3224+24- 2240
= 1223 — 482% + 48z
Since

120° — 4827 + 487 =0 <= 122(z* —4da+4)=0 <= 120(z-2)>=0

it follows that the critical numbers of f are x =0 and x = 2.

(b) We have
Interval |12z | (z —2)? | f'(x) !
x <0 - + — | decreasing on (—o0,0)
O<z<2| + + + | increasing on (0, 2)
x> 2 + + + | increasing on (2, 00)
= 0 + 2 ¥

Therefore f is increasing on (0, 00); it is decreasing on (—o0,0).

(c) Because f'(x) changes from negative to positive at 0, the First Derivative Test tells us that
f(0) =1 is a local minimum value. Since f’(z) does not change its sign at 2, f (2) = 17 is not
a local extreme value.

(d) We have
() = (122° — 4827 + 48x) = (1223) — (482%) 4 (482)" = 12(2®) — 48(x?)’ + 48(z)’
=12-32% —48- 22 +48-1
= 362% — 961 + 48

Since f'(0) = 0 and f”(0) = 48 > 0, the Second Derivative Test tells us that f has a local
maximum at 0. However, since f’(2) = 0 and f”(2) = 0, the Second Derivative Test test is
inconclusive.
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EXAMPLE: Let f(z) = —.

x
(a) Find the critical numbers of f, if any.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f, if any.

Solution:

(a) We have

f(z) = (1)/ =@ =Dz =—z2= 1

x2

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is
x = 0, but this number is not from the domain of f. Therefore f does not have critical numbers.

(b) We have

Therefore f is decreasing on (—oo,0) and (0, c0).

(c) Since f does not have critical numbers, it does not have local extreme values.

3
EXAMPLE: Let f(z) = —.
x
(a) Find the critical numbers of f, if any.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f, if any.

Solution:

(a) We have
f/(;p) = (%) _ (3:[—2)/ _ 3($—2>/ =3. (_2):[—2—1 e

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is
x = 0, but this number is not from the domain of f. Therefore f does not have critical numbers.

(b) We have
_l’_

O
\

Therefore f is increasing on (—o0,0); it is decreasing on (0, 00).

(c) Since f does not have critical numbers, it does not have local extreme values.
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EXAMPLE: Let f(z) =z + %.

(a) Find the critical numbers of f, if any.

(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f, if any.

Solution:

(a) We have

fl(x) = (:p + é>/ =(w+d4o ) ="+ (a7 =2 +4(z7 Y

4
=1+4- (D=1~ 4I_2_1_E

Since

4
l-=5=0 < 1= << =4 << =42
e X

it follows that f/ =0 at x = —2 and x = 2. We also note that the number at which f’ does not
exist is x = 0, but this number is not from the domain of f. Therefore the critical numbers of
fare z = —2 and x = 2 only.

(b) Note that

/
fla)=1-F=F -5 =—m=—7% = 22
hence
Interval | 2% |z —2|xz+2| f'(x) f
r< -2 |+| - - + | increasing on (—oo, —2)
—2<r<0|+]| - + — | decreasing on (—2,0)
O<z<2 |+ | — + — | decreasing on (0, 2)
x> 2 + | + + + | increasing on (2, 00)
T2 - 0 B 2 —TF

Therefore f is increasing on (—oo, —2) and (2, 00); it is decreasing on (—2,0) and (0, 2).

(c) Because f'(x) changes from positive to negative at —2, the First Derivative Test tells us
that f (—2) = —4 is a local maximum value. Similarly, since f’(x) changes from negative to
positive at 2, f (2) = 4 is a local minimum value.
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EXAMPLE: Let f(z) =zlnx — .

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f.

Solution:
(a) We have

fl(r)=(rlnz —2) = (zlnz) —2' =2'Inz +2(nx) — 2’

1
=1l-lnz+z-——1l=hex+1—-1=lhz
T

Since
lnz=0 «<— z=1

it follows that f' = 0 at © = 1. Therefore the critical number of f is z = 1.
(b) We have

= 1 T

Therefore f is decreasing on (—o0, 1); it is increasing on (1, 00).

(c) Because f'(z) changes from negative to positive at 1, the First Derivative Test tells us that
f(1)=1-In1-1=1-0—-1=0-1=-1

is a local minimum value.

EXAMPLE: Let f(z) =2zlnx — 3x.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f.
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EXAMPLE: Let f(z) =2zlnx — 3x.

(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f.

Solution:
(a) We have

fl(x) = (2zInr —32) = (2zlnz) — (32) =2(rInx) — 3(x)

=2(2'Inz +x(Inz)") — 3(z)

:2<1~1nx+x'l>—3~1

T
=2(lnzx+1)—-3=2Inr+2—-3=2hz—1
Since

1
2lne —1=0 <= 2hzr=1 <= 1nx=§ — z=¢?=/e

it follows that f’ = 0 at « = \/e. Therefore the critical number of f is z = \/e.

(b) We have
= Ve T

Therefore f is decreasing on (—oo, y/€); it is increasing on (y/e, 00).

(c) Because f'(x) changes from negative to positive at /e, the First Derivative Test tells us
that

f(\/é) = 2¢2Ine'/? — 3e!/2 = 2¢/% . Zlne — 3¢'/?

= 2e!/2. 2.1 =362 =12 3612 = —92¢1/2 = —9,/e

N = DN =

is a local minimum value.
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