
1 

 
Atlanta, April 4, 2014 

Harnessing geometric and material 
nonlinearities to design tunable phononic 

crystals and acoustic metamaterials 
 
 

Katia Bertoldi, Pai Wang, Filippo Casadei, Sahab Babaee 
 

School of Engineering and Applied Sciences, Harvard University 
 



Bertoldi group 

We combine theoretical, computational and experimental methods to gain deeper insight 
into the non-linear behavior of materials and structures. 

Non-linear response of materials 

Non-linear response of structures 

Dielectrics Bio-hybrid materials Fibronectin nanotextiles 

Henann, Chester, Bertoldi ,  JMPS 2013 Shim, Grosberg, Nawroth, Parker, 
Bertoldi , J Biomechanics, 2012 

Deravi, Su, Paten, Ruberti, Bertoldi, Parker. 
NanoLetters, 2012 

Deformation Deformation 
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Adaptive Materials 

 ….. can we exploit deformation and instabilities to tune and control the 
propagation of elastic waves? 
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1cm 

Dramatic geometric 
rearrangements 

induced by 
instabilities 

Shim  et al., PNAS, 2012 

Mullin et al., Phys. Rev. Letters, 2007 

Periodic 
structures with 

deliberately 
designed patterns 
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Large deformation & Instabilities 

 ……traditionally we want to avoid them 

….but they can be exploited to 
•control adhesion  
•facilitate flexible electronics 
•fabricate micro-fluidic structures 
•control surface wettability 
 

Chan et al., Adv. Mat, 2008 

Rogers et al., Science, 
2010 

Chung et al., Soft Matter, 2007 
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Highly non-linear response 

• Initial linear elastic behavior with a sudden departure from linearity to a plateau stress 
 
• Completely homogeneous pattern transformation        corresponds to the plateau region 
 

• The transformed pattern is accentuated with continuing deformation 
 

• The critical triggering stress level  scales consistently with ligament buckling 
 

Specimen 1 

Specimen 2 (t=2.3 mm) 

Specimen 2 

Specimen 1 (t=1.3 mm) 

Mullin et al, PRL, 2007 Bertoldi et al., JMPS, 2008 
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Analysis of instabilities: Global and Local modes 

•Macroscopic (global) instabilities with wavelengths 
much larger than the characteristic size of the 
microstructure. They can be computed from the loss of 
strong ellipticity of the corresponding homogenized 
properties (Geymonat et al., 1993). 
 
 
 
•Microscopic (local) instabilities with finite 
wavelengths. They alter the periodicity of  the solid, 
but are investigated of on the primitive cell through a 
Bloch wave analysis. 
Instabilitywave of vanishing frequency 
Bloch wave analysis provides: 
• point along the loading path where instability occurs  
• the new periodicity of the structure (p1, p2). 
 
 
 

 

Geymonat et al., 1993   Bertoldi et al. , JMPS, 2008 

We are interested in triggering  microscopic (local) instabilities 
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 Arrangement of Holes 

Two buckled structures have a chiral pattern ! 

Shim J, Shan S, Kosmrlj A, Kang SH, Chen ER, Weaver JC, Bertoldi K. Soft Matter, 2013 

Presenter
Presentation Notes
For us to get a deeper understanding  and quantify how these structures behave, we did both simulations and experiments. The experiment and simulations match well. Notice the sudden pattern transformation for all of them.
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 Pore shape 

( ) ( ) ( )0 1 21 cos 4 cos 8 ,r r c cθ θ θ= + +  

 Holes with four-fold symmetry. Fourier series expansion to 
describe their contour as 

Overvelde JTB, Shan S., Bertoldi K, Advanced Materials, 2012 
Overvelde JTB, Bertoldi K, JMPS,2014 

Here microscopic 
instabilities are critical. 
 

Here macroscopic 
instabilities are critical. 
 



  

Loading direction 
S. Shan, P. Wang, S.H. Kang, P. Wang  and K. Bertoldi. Advanced Functional Materials, 2014 
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A 

B 

C 

Simulations Experiments 

5mm 

5mm 
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?? Questions ?? 

 
Applications: 
 
Can we exploit the pattern transformation induced by buckling to design a 
new class of adaptive materials and devices? 
• materials with unusual properties 
• color displays 
• phononic switches/ tunable phononic crystals 
• formation of complex pattern 
 

 
 
 



Manipulating elastic waves 

Bragg Scattering Local Resonance 
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(Liu et al., Science, 2000) 
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Question: Can we exploit deformation and instabilities to manipulate the 
propagation of elastic waves? 
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Phononic Crystals Locally Resonant Metamaterials 



 
 
 

 We exploit large deformation and buckling in phononic crystals to tune the band gaps of the 
structures. 

 
Simulation steps (Finite Element Method): 
• Buckling analysis 
• Postbuckling analysis (finite deformations, periodic boundary conditions) 
• Wave propagations (small amplitude waves. Perturbation step) 
 
 
  
 
 

 
 

 
 

 
 
 

Deformation 

Tunable band-gaps in phononic crystals 
Bertoldi K,  Boyce MC. Physical Review B, 2008 
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4 Tunable Phononic Band-gaps 

 Effect of pattern transformation on phononic band gaps. 
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Tunable Phononic Band-gaps 
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 Effect of pattern transformation on phononic band gaps. 

Tunable Phononic Band-gaps 



4 Tunable Phononic Band-gaps 

 Evolution of the phononic band gaps as a function of the applied strain. 

Initial linear response: Band gaps affected marginally by 
deformation, evolving in an affine and monotonic way 
 
Pattern transformation: The in-plane modes undergo a 
transformation and 2 new band gaps are opened 
 
Geometric non-linearities play a major role 
 

34 

P. Wang, J. Shim and K. Bertoldi. PRB, 2013 



4 Tunable Phononic Band-gaps 

Phononic crystals are characterized by a low frequency directional behavior that can be 
exploited to steer or redirect waves in specific directions. 

P. Wang, J. Shim and K. Bertoldi. PRB, 2013 
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Triangular array of holes: Enhanced tunability 

εyy = - 0.24 εxx = - 0.24 εxx = εyy = - 0.14 

A B C 

Undeformed 
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Simulations (Finite Element Method): 
• Buckling analysis 
• Postbuckling analysis (finite 

deformations, periodic boundary 
conditions) 

• Wave propagations (small amplitude 
waves. Perturbation step) 

S. Shan, P. Wang, S.H. Kang, P. Wang  and K. Bertoldi. Advanced Functional Materials, 2014 
 

Presenter
Presentation Notes
Now that we have learned a lot about this structure, we propose a possible application as multi-tunable phononic crystal by making use of its multiple folidng mechanisms.

To illustrate this, we chose the three points again along the same constant areal strain curve of –0.24 to ensure an apple-to-apple comparison.

The band gaps are dramatically different when they are buckled into different mode. 

So with this structure, we can make a phononic crystal whose band gaps can not only be tuned by the extent of deformation but by different buckling modes as well.




Experiments 

Computer 

Sample 

Amplifier 

Shaker 

Data Acquisition  
Module 

Accelerometer 
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Presenter
Presentation Notes
We used 3D prototyping techniques to make the sample, and we designed a biaxial loading fixture and put it on 4 linear stages to test. 

And then we take pictures while compressing. All the information we care for now are the deformation modes. 



Experiments 

A 

B 

C 
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Presenter
Presentation Notes
We used 3D prototyping techniques to make the sample, and we designed a biaxial loading fixture and put it on 4 linear stages to test. 

And then we take pictures while compressing. All the information we care for now are the deformation modes. 



Experiments 

Instabilities and large deformation can be effectively used to manipulate the propagation of elastic 
waves in periodic structures  39 

Presenter
Presentation Notes
Now that we have learned a lot about this structure, we propose a possible application as multi-tunable phononic crystal by making use of its multiple folidng mechanisms.

To illustrate this, we chose the three points again along the same constant areal strain curve of –0.24 to ensure an apple-to-apple comparison.

The band gaps are dramatically different when they are buckled into different mode. 

So with this structure, we can make a phononic crystal whose band gaps can not only be tuned by the extent of deformation but by different buckling modes as well.




Tunable band-gaps in locally resonant metamaterials 

Core (metal) 
Coating (rubber) 

Matrix 
(epoxy) 

(Liu et al., Science, 2000) 

Core 

Matrix 

Our design: structural coating 

Structural coating: 
    - Use elastic and highly deformable beams  
    - Use buckling to significantly alter the beam stiffness and – in turns – the 

frequency of the bandgap 
     

Local Resonance 

P. Wang, F. Casadei and K. Bertoldi. Submitted 
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Our design 

Undeformed 

Deformed 
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Static response 

Buckling and large deformation significantly alter the stiffness of the beams 



Dynamic response: undeformed configuration 

FEM: Undeformed configuration 
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Flat band  Local mode 



 
 
 

Experimental results: Undeformed configuration 

Undeformed configuration 

   

50 mm 
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Dynamic response: deformed configuration 
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Effect of deformation: 
 
Because of the softening of the two 
vertical beams induced by buckling 
the bangap frequency decreases 
 
Because of the increase in 
tangential stiffness induced by 
buckling the rotational mode rises 
 
 
 
 
The bandgap is completely 
suppressed  phononic switch 
 

   



No 
strain 2% strain 

2% strain 
50 mm 50 mm 

Experimental results 
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No 
strain 4% strain 

4% strain 
50 mm 50 mm 

Experimental results 
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No 
strain 6% strain 

6% strain 
50 mm 50 mm 

Experimental results 
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No 
strain 10% 

strain 

10% 
strain 

50 mm 
50 mm 

Experimental results 
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No 
strain 2% strain 

4% strain 

6% strain 

10% 
strain 

50 mm 
50 mm 

Experimental results 
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2D Continuum Structure  
 

3D Continuum Structure  
 

Continuum Version? 

 Structured Spherical Shells 

Hoberman Twist-O 

Presenter
Presentation Notes
Hello, I am Jongmin Shim, a Post-doc working for Katia Bertoldi at Harvard University. 

I am going to talk about “PATTERN TRANSFORMATION OF A ELASTIC SHELL under PRESSURE LOADING.”
This work has been done together with MIT Team, Cluade Perdigou, and Pedro Reis.

You could imagine a block of material.  
Under the uniaxial compressive loading, conventional material/structures show the increase of width.  
We say that the material/structure has “POSITIVE POISSON’S RATIO.”

<<<NEXT>>>

Recently, Katia and Pedro published an interesting paper on “2D-CONTINUUM STRUCTURES HAVING NEGATIVE POISSON’S RATIO.”

<<<NEXT>>>

As its extension, we also investigated “3-D CONTINUUM STRUCTURE SHOWING NEGATIVE POISSON’S RATIO in all 3 directions.”  
Unfortunately, it did not pan out nicely.  

While we are struggling with it, Claude went to NYC to see his girl friend and found an interesting “PLASTIC TOY.”

<<<NEXT>>>

Actually, this toy shows the behavior that we were pursing. 
Inspired by this “JOINTLY-CONNECTED TOY”, we tried to come up with its CONTINUUM VERSION. 

<<<NEXT>>>







  Continuum structure 

 ……from “rigid” Hoberman Twist-O 

 ……to Buckliball:  a continuum shell that uses buckling to expand/contract 

 No hinges  
 Actuation mechanism works over a wide range 
of scales 
 
 

Shell Thickness 
Sphere Inner Radius 

Volume of Void 
Volume of Sphere Arrangement of holes 

52 

 Opportunities for reversible encapsulation 
 Large number of hinges required 
 Challenging fabrication at the micro and nano scale 
 
 

Design parameters: 



 Arrangement of holes 

Polyhedra 
1) convex polyhedra 
2) vertex-transitive  
3) regular face 
4) quadrilateral vertex figure 

Folded sphere: 
1)  spherical shape 
2)  all holes with the same shape 
3)  equally distributed holes 
4)  closed holes 
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Shim  J, Perdigou C, Chen ER, Bertoldi K, Reis P, PNAS, 2012 



 24 holes: Shell thickness and Void volume fraction 
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t/R 

Pcr/E 

Finite Element Simulations: Buckling analysis 

Out-of-sphere  
Buckling 

On-sphere  
Buckling 



 Experiment: Buckliball 
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3D soft and reconfigurable materials  

Goal:  design a new class of 3-D materials whose architecture can be dramatically 
changed in response to an external stimulus 

Idea: We use elastomeric Buckliballs as building blocks for 3-D reconfigurable 
structures. 

2D  3D  Shells/Buckliball  
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Packing 

6 bucklicrystals 

 
 

 

 
 

 
 

 
 

 

  

  

   

Building blocks: Buckliballs 
Packing: cubic lattice systems (sc, bcc, fcc) 

Babaee S, Shim  J, Weaver JC, Patel N, Bertoldi K. Advanced Materials,  2013 



 
 

 

 
 

 
 

 
 

 

  

  

   

Building block (6H) Bucklicrystal  

BCC 

91 building blocks 
Cube with edge length = 141.3 mm 

Experiments 

58 



Wave propagation 
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Can we exploit the large deformation induced by buckling to tune the 
propagation of waves both in the matrix and in air? 
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Harnessing fluid-structure interactions 
Casadei F., Bertoldi K.  Journal of Applied Physics, 2014 5 cm 



Airfoil Resonating Unit 

The resonating unit is modeled as a rigid airfoil with two degrees of freedom 

A finite-state induced flow theory is used to model the unsteady aerodynamic 
loads on the airfoil (Peters et al. 1995) 

with 

61 



Aeroelastic response of the Flaps 
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Dispersion Relations of the Beam 

Complex propagation 
constant 

A transfer matrix approach is used to 
compute the dispersion relations of a beam 
with periodic airfoil-type resonators 

63 



Numerical Results 

V∞ = 10 m/s V∞ = 12 m/s V∞ = 14 m/s V∞ = 2 m/s V∞ = 4 m/s V∞ = 0 m/s 
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Experimental Setup 

Aluminum beam 
(L=360mm, w=25.4mm, t=1.27mm) 

• Measure the transmission coefficient 
of a beam with six airfoil-type 
resonators 
 

• Repeat measurements at different 
wind speeds 

65 



Experimental Results 

V∞ = 10 m/s V∞ = 12 m/s V∞ = 14 m/s V∞ = 2 m/s V∞ = 4 m/s V∞ = 0 m/s 
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Conclusions  

Non linear response of structures: Exciting playground due to the interplay of geometry 
and large deformation – buckling 
 
Large deformation / instabilities and other stimuli (such as flow speed) can be exploited 
to design material with novel and tunable properties 

 
 

 
      

 

 

1cm 
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Thanks 
 

Collaborators: 
Pedro Reis (MIT) 
Shu Yang (Upenn) 
Mughees Khan (Harvard) 
Joanna Aizenberg (Harvard) 
Wim Norduin (Harvard) 
James Weaver (Wyss) 
Joost Vlassak (SEAS) 
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