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We have fabricated sonic crystals, based on the idea of localized resonant
structures, that exhibit spectral gaps with a lattice constant two orders of
magnitude smaller than the relevant wavelength. Disordered composites made
from such localized resonant structures behave as a material with effective
negative elastic constants and a total wave reflector within certain tunable
sonic frequency ranges. A 2-centimeter slab of this compositematerial is shown
to break the conventional mass-density law of sound transmission by one or
more orders of magnitude at 400 hertz.

Complete sound attenuation for a certain
frequency range can be achieved through
the concept of a “classical wave spectral
gap,” originally introduced in relation to
the electromagnetic wave, denoted the
“photonic band gap” (1). Subsequently ex-
tended to elastic waves (2–5), the idea
states that a strong periodic modulation in
density and/or sound velocity can create
spectral gaps that forbid wave propaga-
tion. However, the spatial modulation must
be of the same order as the wavelength
in the gap. It is thus not practical for shield-
ing acoustic sound, because the structure
would have to be the size of outdoor sculp-
tures in order to shield environmental nois-
es (5).

We present a class of sonic crystals that
exhibit spectral gaps with lattice constants
two orders of magnitude smaller than the
relevant sonic wavelength. Our materials
are based on the simple realization that
composites with locally resonant structural
units can exhibit effective negative elastic
constants at certain frequency ranges. If a
wave with angular frequency ! interacts
with a medium carrying a localized excita-
tion with frequency !o, the linear response
functions will be proportional to 1/(!o

2 –
!2). Such an effect is manifest in the elec-
tromagnetic frequency response of materi-
als with optical resonances, where a nega-
tive dielectric constant ε (generally on the
higher frequency side of the resonance)
implies a purely imaginary wave vector k "
n!/c (where n is the index of refraction and
c is the speed of light) and hence exponen-
tial attenuation of the electromagnetic wave
(6). Here, we implement this idea in the
context of elastic composites at sonic fre-
quencies. By varying the size and geometry
of the structural unit, we can tune the fre-

quency ranges over which the effective
elastic constants are negative.

Our composites have a simple micro-
structure unit consisting of a solid core
material with relatively high density and a
coating of elastically soft material. In the
experiments described below, we used cen-
timeter-sized lead balls as the core materi-
al, coated with a 2.5-mm layer of silicone
rubber (Fig. 1A). The coated spheres are
arranged in an 8 # 8 # 8 simple cubic

crystal with a lattice constant of 1.55 cm
(Fig. 1B), with epoxy as the hard matrix
material. Sonic transmission was measured
using a modified Bruel & Kjaer (B&K)
two-microphone impedance measurement
tube, type 4206. The sound source was
mounted at one end of the tube. The sample
was placed at the other end of the tube, with
one microphone detector mounted on the
surface of the sonic crystal facing the sound
source and another a few centimeters to-
ward the sound source. A small hole was
drilled from the rear of the sample, along
the centerline of the sonic crystal to its
center. A detector was placed inside the
hole, with the sensitive part approximate-
ly located at the center of the sonic crystal.
Transmission was measured as a func-
tion of frequency from 250 Hz to $1600
Hz for effectively a four-layer sonic crys-
tal. The sound source intensity was adjust-
ed so as to maintain a nearly frequency-
independent measured amplitude at the
front of the crystal. The ratio of the ampli-
tude measured at the center to the incident
wave shows two dips, with a peak after
each dip (Fig. 1C).

To understand the experimental results,

Department of Physics, Hong Kong University of Sci-
ence and Technology, Clear Water Bay, Kowloon,
Hong Kong, China.

*To whom correspondence should be addressed. E-
mail: phsheng@ust.hk

Fig. 1. (A) Cross section of a coated lead sphere that forms the basic structure unit (B) for an 8 #
8 # 8 sonic crystal. (C) Calculated (solid line) and measured (circles) amplitude transmission
coefficient along the [100] direction are plotted as a function of frequency. The calculation is for
a four-layer slab of simple cubic arrangement of coated spheres, periodic parallel to the slab. The
observed transmission characteristics correspond well with the calculated band structure (D), from
200 to 2000 Hz, of a simple cubic structure of coated spheres. Three modes (two transverse and
one longitudinal) are distinguishable in the [110] direction, to the left of the % point. The two
transverse modes are degenerate along the [100] direction, to the right of the % point. Note the
expanded scale near the % point.
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of the excitation is about 6:5 N ’ 0:325F0. We thus antici-
pate a weakly nonlinear response that is well described by
the K2 ! K3 ! K4 theory. Indeed, during the first 20 ms,
the lower optical cutoff mode is established, followed by
an MI after t ’ 22 ms. The width of the extended lattice
wave is decreased, its amplitude is increased, and—as a
result of the spontaneous symmetry breaking induced by
the instability—a DB is subsequently formed, which for
these initial conditions, is localized near bead 37. This
nonlinear solution exists even after the actuator is turned
off at t ¼ 30 ms. The PSD of the force at particle 36 [see
Fig. 2(b2)] reveals the presence of a frequency component
in the gap at fb ’ 8:14 kHz< fexp2 . Numerical simulations
show that the final location of the DB depends on the
features of the driving signal (amplitude, frequency, and
duration). Thus, the exact localized pinning site is not
known a priori.

Exact solutions and stability of DBs.—We apply
Newton’s method (see [2] and references therein) with
free boundary conditions to numerically obtain, with
high precision, the above dynamically generated DB wave-
forms as exact time-periodic solutions. We then study their
linear stability and frequency dependence (within the spec-
tral gap). Continuing this solution within the gap [i.e., for
f 2 ðfexp1 ; fexp2 Þ] starting from the lower optical cutoff
mode allows us to trace the entire family of DB solutions.
In Fig. 3(a), we show the maximum dynamic force
maxðFiÞ, which is the experimentally observable parame-
ter of the DB solution, as a function of the DB frequency
fb. As fb ! fexp2 , maxðFiÞ ! 0 and the DBs broaden and
finally merge with the linear lower optical cutoff mode. In
the insets of Fig. 3(a), we show examples of these solutions
with frequencies fb ¼ 8:35 kHz and fb ¼ 8:75 kHz. To

examine the stability of the DB solutions, we compute their
Floquet multipliers !j [2]. If j!jj ¼ 1 for all j, then the DB
is linearly stable. In Fig. 3(b), we show the stability dia-
gram for the family of DB solutions and the corresponding
locations of Floquet multipliers in the complex plane for
the DB with fb ¼ 8:63 kHz. Strictly speaking, the DB is
stable only for fb ’ fexp2 . Otherwise, the DB family exhib-
its oscillatory instabilities [2,18]. However, the deviations
of the unstable eigenvalues from the unit circle are
bounded above by 0.08, and numerical integration of the
DBs up to times 100T (where T is their period) reveals
their robustness. Importantly, we also find that DB solu-
tions exhibit a strong instability due to a pair of real
multipliers when fb 2 ð8:45 kHz; 8:7 kHzÞ. As shown in
Fig. 3(b), this instability is connected with the turning
points of the energy of the DB as a function of its frequency
(these occur when dE=dfb ¼ 0). Similar features have
also been observed in diatomic Klein-Gordon chains [29].
Experimental observation of DBs.—We excite the 81-

bead diatomic crystal by driving the actuator with a higher-
amplitude (relative to the linear-spectrum experiments)
90 ms sine voltage with frequency close to the lower
optical cutoff frequency fexp2 . We place force sensors in
particles 2, 6, 10, 14, 18, 22, and 26. The experimental
results in Fig. 4 show the MI onset and subsequent DB
formation. Figure 4(a) shows the force versus time at
particles 2 (near the actuator) and 14 (close to the DB
pinning site), and Fig. 4(b) shows the corresponding
PSDs. The peak force amplitude near the actuator is
8:6 N ’ 0:43F0 (where F0 ¼ 20 N). Figure 4(c) shows
the normalized power versus lattice site at both the driving
and DB frequencies, before and after the formation of the
DB. The normalized power is the PSD at a given frequency
divided by the spectral power—i.e., the integral of the PSD
over all frequencies. The force at particle 14 shows an
exponential increase (at t ’ 20 ms), which is indicative
of the onset of MI. This is followed by the DB formation
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FIG. 2 (color online). (a1) Spatiotemporal evolution of the
forces for the simulated manifestation of the MI and DB gen-
eration with initial conditions corresponding to the lower optical
cutoff mode. (a2) Force versus time for particle 40 for the
simulation shown in (a1). (b1) Same as (a1) but for the genera-
tion of a DB under conditions relevant to our experimental setup.
(b2) PSD of particle 36 for the simulation shown in (b1). The
dashed line in (b2) indicates the driving frequency fact ¼ fexp2 ,
and the arrow indicates the DB frequency fb ’ 8:14 kHz< fexp2 .
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FIG. 3 (color online). Bifurcation diagram of the continuation
of the DB solutions. (a) Maximal dynamic force of the wave
versus frequency fb. The insets show spatial profiles at two
values of fb. (b) Maximal deviation of Floquet multipliers from
the unit circle, which indicates the instability growth rate. The
right inset shows a typical multiplier picture, and the left inset
shows the connection between the strong (real multiplier) insta-
bility and the change in sign of dE=dfb.
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IV. NUMERICAL SETUP

We model a chain of 2N spherical beads as a 1D lattice
with !conservative" Hertzian interactions between particles
#1,2$:

ÿ j =
Aj−1,j

mj
! j

3/2 −
Aj,j+1

mj
! j+1

3/2 ,

Aj,j+1 =
4EjEj+1% RjRj+1

Rj + Rj+1
&1/2

3#Ej+1!1 − " j
2" + Ej!1 − " j+1

2 "$
, !2"

where j! '1, ¯ ,2N(, yj is the coordinate of the center of the
jth particle measured from its equilibrium position, ! j
)max'yj−1−yj ,0( for j! '2,3 , . . . ,2N(, !1)0, !2N+1
)max'y2N ,0(, Ej is the elastic modulus of the jth particle, " j
is its Poisson ratio, mj is its mass, and Rj is its radius. The
particle j=0 represents the striker, and the !2N+1"th particle
represents the wall. The initial velocity of the striker is de-
termined from experiment, and all other particles start at rest
in their equilibrium positions.

V. COMPARISON BETWEEN EXPERIMENTS
AND NUMERICS

We compare numerical simulations of Eq. !2" with experi-
ments using the same type and quantity of particles compos-
ing the chain, the same “spin configuration,” and the same
excitation input. Once the striker hits the first bead, a com-
pression wave propagates through the chain. We measure the
force of the propagating wave using a sensor that was placed
in the 20th cell. In Fig. 2!a", we show plots of force versus
time for both low and high values of D for the experiments
and the numerical computations. Panel !b" of Fig. 2 shows
the peak amplitude of the transmitted wave as a function of
D for both experiments and numerical simulations. In both
plots, we show the normalized force !which is given by the

measured force divided by the peak force that we obtained in
the perfectly ordered case". We consider three arrangements
corresponding to each D value, and we acquire three inde-
pendent measurements for each arrangement to verify ex-
perimental reproducibility. In Fig. 2!a", we show the force-
time history averaged over all three different dimer cell
arrangements at each level of disorder. In Fig. 2!b", we show
the peak normalized transmitted force. Each shape corre-
sponds to a given spin configuration at the stated value of D,
and each marker represents a single experimental run. The
solid curve gives the median transmitted force value for each
level of disorder. The squares give the results of simulations
for the same chain length and types of beads.

We observe good qualitative agreement between numerics
and experiments. Note, in particular, the decrease of the peak
force as D becomes larger. Because the numerics and experi-
ments agree qualitatively—the small quantitative difference
arises from experimental dissipation that is not modeled in
Eq. !2"—we focus the remainder of our discussion on the
former.

VI. ORDER-DISORDER TRANSITION: FROM SOLITARY
TO DELOCALIZED WAVES

A. Wave transmission model

Experiments and simulations !with as many as N#500
cells in the latter" both suggest the existence of two different
regimes: At low disorder—i.e., for D smaller than some
threshold Dc—we see numerically that the transmission of
the wave decays exponentially with D !see Fig. 3". As a
result, the wave propagation depends on the number of de-
fects in the chain in this regime. This exponential decay
arises in the time evolution of the wave amplitude !as the
wave propagates through one defect after another". The de-
cay of the wave, in turn, induces background excitations.
Due to the presence of the defects, we observe states that
seem to be somewhat reminiscent of the phenomenon of
Anderson localization. For a detailed discussion of acoustic
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FIG. 2. !Color online" !a" Averaged experimental and numerical plots of force versus time !as measured by a sensor in the 20th cell of
a steel:Al chain" for configurations with low !D=0.1" and high !D=0.7" levels of disorder. We normalize the force based on the peak value
for the perfectly ordered system !for which D=0". !b" Normalized peak transmitted force !sensor in 20th cell; steel:Al chain" as a function
of disorder. For a given value of D, each shape represents a different configuration of equivalent disorder, and each marker corresponds to
a separate experimental run. The solid curve gives the median transmitted force value for each level of disorder, and the squares !showing
the same qualitative behavior" give the results of simulations for the same chain length and types of beads.
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through the crystal at that frequency. However, at sufficiently high amplitudes, and
only from the boundary that is close to the defect, a jump phenomenon occurs from
periodic to quasiperiodic and then chaotic states, where the energy of the driver is
redistributed to different frequencies that can transmit through the system. This
example illustrates how the combination of nonlinearity, periodicity, driving, and
asymmetric disorder can create new material and device capabilities. In this case,
this combination allowed energy to propagate predominantly in one direction.

To understand the nature of the bifurcations, and the jump to the quasiperiodic
and chaotic states that allowed the asymmetric acoustic energy transmission,
Boechler et al. conducted parametric continuation using the Newton-Raphson
(NR) method in phase space [33] and numerical integration of the fully nonlinear
equations of motion that describe the granular crystal. Dissipation was taken into
account by using linear damping (see more about dissipative effects in the next
section). Applying NR, they followed the periodic family of solutions of the driven
system as a function of driving amplitude and studied its linear stability. Right
panel of Fig. 7.8 shows the maximum dynamic force amplitude (four particles from
the actuator) for each solution as a function of the driving amplitude. The stable
(unstable) periodic solutions are denoted with solid blue (dashed black) lines.
At turning points 1,2, stable and unstable periodic solutions collide and mutually
annihilate (saddle-center bifurcation [40]). At points 3,4, the periodic solution
changes stability and a new two-frequency stable quasiperiodic state emerges
(Naimark-Sacker bifurcation [38]). Following this bifurcation picture, they observed
in their experimental setup and numerical simulations that with increasing amplitude,
a progression of the system response that followed the low-amplitude stable periodic
solution up to point 1, where the system jumps past the unstable periodic solution to
the high-amplitude stable quasiperiodic state. Further increase of the driver’s ampli-
tude led to a continued cascade of double period bifurcations and resulted in the
merging of distinct frequency peaks, the formation of continuous bands, and chaotic
dynamics. As the quasiperiodic and chaotic states redistribute energy from the driver
to frequencies within the transmitting band, it is the existence of these states which
enables the previously described acoustic rectification.

Fig. 7.8 (Left) Schematic diagram of a 1D granular crystal designed for acoustic rectification and
switching. (Right) Bifurcation diagram. Right panel reproduced from [60] with permission from
the publisher

240 G. Theocharis et al.
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Bifurcation-based acoustic switching
and rectification
N. Boechler†, G. Theocharis† and C. Daraio*
Switches and rectification devices are fundamental components
used for controlling the flow of energy in numerous applica-
tions. Thermal1–4 and acoustic5–8 rectifiers have been proposed
for use in biomedical ultrasound applications6,7, thermal
computers2,9, energy- saving and -harvesting materials5,6,
and direction-dependent insulating materials1–3. In all these
systems the transition between transmission states is smooth
with increasing signal amplitudes. This limits their effec-
tiveness as switching and logic devices, and reduces their
sensitivity to external conditions as sensors. Herewe overcome
these limitations by demonstrating a new mechanism for
tunable rectification that uses bifurcations and chaos. This
mechanism has a sharp transition between states, which
can lead to phononic switching and sensing. We present
an experimental demonstration of this mechanism, applied
in a mechanical energy rectifier operating at variable sonic
frequencies. The rectifier is a granular crystal, composed of
a statically compressed one-dimensional array of particles
in contact, containing a light mass defect near a boundary.
As a result of the defect, vibrations at selected frequencies
cause bifurcations and a subsequent jump to quasiperiodic and
chaotic states with broadband frequency content. We use this
combination of frequency filtering and asymmetrically excited
bifurcations to obtain rectification ratios greater than 104. We
envisage this mechanism to enable the design of advanced
photonic, thermal and acousticmaterials and devices.

Periodicity inmaterials has proven useful for the control of wave
propagation in electronic and photonic10, mechanical11, acoustic12
and optomechanical13 systems. The presence of nonlinearity in
periodic dynamical systems makes available an array of useful
phenomena (including localization, breathers, bifurcation and
chaos)14–19. Here we study how the interplay of periodicity,
nonlinearity, and asymmetry in granular crystals results in novel
types of switching and rectification devices.

Granular crystals are densely packed arrays of elastic particles
that interact nonlinearly through Hertzian contacts20,21. These
systems are tunable from near-linear to strongly nonlinear
dynamical regimes by changing the ratio of static to dynamic
interparticle displacements21,22. Granular crystals have allowed
the exploration of fundamental phenomena5,21–28, and have been
applied in engineering devices29,30. Here we study a granular crystal
that is a statically compressed one-dimensional array of N = 19
stainless steel spherical particles (Fig. 1a,b). The particles are of
measured radius R= 9.53mm and mass M = 28.84 g, except for a
single defect particle of radius r = 5.56mm and mass m = 5.73 g
placed at the second site from the left boundary. Longitudinal
dynamic displacements are applied using a piezoelectric actuator
and the crystal is compressed mechanically (see Methods). Two
configurations are studied: one with the actuator on the right

Engineering and Applied Science, California Institute of Technology, Pasadena, California 91125, USA. †These authors contributed equally to this work.
*e-mail: daraio@caltech.edu.
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Figure 1 | Schematics and conceptual diagrams. a,b, Schematics of the
granular crystal used in the experiments, composed of 19 stainless steel
spherical particles, a light mass defect and applied static load F0. Vertical
lines in the spheres indicate the sensor particles. c,d, Conceptual diagrams
of the rectification mechanism. fd is the defect frequency, fc is the acoustic
(pass) band cutoff frequency and fdr is the driving frequency. a,c, Reverse
configuration: driving far from the defect, the bandgap filters out vibrations
at frequencies in the gap. b,d, Forward configuration: driving near the
defect, nonlinear modes are generated that transmit through the system.

(‘reverse configuration’, Fig. 1a), and the other with the actuator
on the left (‘forward configuration’, Fig. 1b). The dynamic force–
time history of the propagating waves is measured with in situ
piezoelectric sensors5. In both configurations, one sensor is placed
four sites away from the actuator and the other is placed at the
other end. See Supplementary Information for more details on the
experimental configuration.

A statically compressed homogeneous granular crystal acts as a
low-pass frequency filter24–26. When the particles are identical, the
crystal supports one band of propagating frequencies, called the
acoustic band, extending from frequency f = 0 to the upper cutoff
frequency fc. Vibrations with frequencies f > fc lie in a bandgap
and cannot propagate through the crystal11. The presence of a
light mass defect breaks the periodicity of the crystal and induces
an exponentially localized mode with frequency fd > fc (refs 27,
28). Frequencies fc and fd depend on the geometric and material
properties of the system and are proportionally tunable by the static
load (see Methods and Supplementary Information; refs 24–28).
The experimental characterization of the linear spectra can be seen
in Supplementary Fig. S1.

A schematic of our rectifier concept is shown in Fig. 1c,d. We
drive one end of the crystal harmonically. We fix the frequency
of the driver fdr at a frequency in the gap, below fd, and
increase the driving amplitude �. As a result of the bandgap, in
the reverse direction, the energy provided by the actuator does
not propagate through the crystal. In the forward configuration,
for low driving amplitudes, the actuator excites a periodic (at
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through the crystal at that frequency. However, at sufficiently high amplitudes, and
only from the boundary that is close to the defect, a jump phenomenon occurs from
periodic to quasiperiodic and then chaotic states, where the energy of the driver is
redistributed to different frequencies that can transmit through the system. This
example illustrates how the combination of nonlinearity, periodicity, driving, and
asymmetric disorder can create new material and device capabilities. In this case,
this combination allowed energy to propagate predominantly in one direction.

To understand the nature of the bifurcations, and the jump to the quasiperiodic
and chaotic states that allowed the asymmetric acoustic energy transmission,
Boechler et al. conducted parametric continuation using the Newton-Raphson
(NR) method in phase space [33] and numerical integration of the fully nonlinear
equations of motion that describe the granular crystal. Dissipation was taken into
account by using linear damping (see more about dissipative effects in the next
section). Applying NR, they followed the periodic family of solutions of the driven
system as a function of driving amplitude and studied its linear stability. Right
panel of Fig. 7.8 shows the maximum dynamic force amplitude (four particles from
the actuator) for each solution as a function of the driving amplitude. The stable
(unstable) periodic solutions are denoted with solid blue (dashed black) lines.
At turning points 1,2, stable and unstable periodic solutions collide and mutually
annihilate (saddle-center bifurcation [40]). At points 3,4, the periodic solution
changes stability and a new two-frequency stable quasiperiodic state emerges
(Naimark-Sacker bifurcation [38]). Following this bifurcation picture, they observed
in their experimental setup and numerical simulations that with increasing amplitude,
a progression of the system response that followed the low-amplitude stable periodic
solution up to point 1, where the system jumps past the unstable periodic solution to
the high-amplitude stable quasiperiodic state. Further increase of the driver’s ampli-
tude led to a continued cascade of double period bifurcations and resulted in the
merging of distinct frequency peaks, the formation of continuous bands, and chaotic
dynamics. As the quasiperiodic and chaotic states redistribute energy from the driver
to frequencies within the transmitting band, it is the existence of these states which
enables the previously described acoustic rectification.

Fig. 7.8 (Left) Schematic diagram of a 1D granular crystal designed for acoustic rectification and
switching. (Right) Bifurcation diagram. Right panel reproduced from [60] with permission from
the publisher
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