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Practice Problems: ( Laplace & Dou dnear ﬁgs‘i‘ems)

1) (i) Sketch the following functions.
(i1) Express the functions a-f in terms of the unit step function.

(0, 0<t<3,

0, t < 2
-2, 3< 5, —
() f(t) = { = © S0 {(: -2)2%, t=2
2, S5=<t1<, 0 .
L1, =7 '
(1, 0<r<1, T Fe= ;—W’ ';'r>52t<27r
s = a7
o -hol=r<2 (§) F(1) = wy(8) +2us(r) — 6ug(r)
=94 L 2=:<3, (WY £(8) = (= Buat) — (¢ — 2us(t)
-1, 3<t<4,
\ 0; tZ 4' . 2
. 1 B g B, o g(t) = f(t —m)u.(t), where f(t) =t
Y f() = D 452 () &(1) = f(t = 3)us3(1), where f(1) = sint

t, 0<1<2, (xy (1) =(t — Duy(1) =2t = 2)ux(t) + (¢t — 3us(t)
2, 2<t <5,
@y sn= T—t, S5<t<?

0, t =17

2) Find the inverse Laplace transform of the following functions.

F 3!
(.S) - (S—2)4
o2

F(§) = ———
() s24+s5—2

2As — e
F(s) =
)= 212

= =28 __ ,=3y _ =4
F(s)=e + e e e




3)) Suppose that F(s) = L{ f(¢)} exists fors > a > 0.
a. Show that if ¢ is a positive constant, then

1 J
E{ f(et}} = —F(?—), s> ca.
& \¢
b. Show that if & is a positive constant, then
1 /st
=1 J — 2 L3
L\ (F(ks)} = kf(k).
¢. Show that if @ and & are constants with ¢ > 0, then

- . _ 1 ba
4 '{F(a.s-f—b)}—ae bt/ f( )

t
a

4) Solve the following
initial-value problems.

1. y'+y=f); y0)=0, y'(0) =1;
(1) = I, 0<t<i3rm
f 10, 3w <t< o
2. y'4+2y' +2y=h(t); y(0)=0, y(0) =1
I, m<t< 2w
h(t) =

0, 0<t<w or t=2w

3.y’ +4y =sint —us. (1) sin(t —27);  y(0) =0, y'(0) =0

4. y'+3y' +2y = f(6); y(0) =0, y(0) =0;
1, 0<tr< 10
f) =

0, t=10

= 5 T
5. y”+y'+;‘>'=t—un;z(t)(f"2>? y(0) =0, y'(0) =0

5
6. Yy +y'+ ,y=5010; y0) =0, y(0) =0

) sint, 0<t<mw
8(1) = 0, t>7

7.y +4y =u (1) —us:(1); ¥(0) =0, y(0) =0



5) Solve the following initial-value problems.

L y'+2y'+2y=6(t-7m); »0) =1, y(0)=

2. Y'+dy=56(t—m)—68(t—2m); ¥0) =0, y'(0) =

3o Y3y +2y =6t -5 tu(t);  y(0) =0, y'(0) =1/2
4. Yy +2y + 3y =sint +6(t —37); y(0) =0, y(0) =0

5. y'+y=6(t—2m)cost; y(0) =0, y(0)=1

6. y'+4y=26(t—m/4); y(0) =0, y(0)=0

7. y'+2y +2y=cost+86(t—7/2); y(0) =0, y'(0) =0

8, yW —y=80~-1); y0) =0, y(0)=

y'(0) =0, y"(0) =0

6) (a) For each of the following nonlinear systems find the equilibrium solutions and the linear
system near each critical point.
(b) Use the linear system, if possible, to draw conclusions about the stability and type of the
Cuilkibna o F The non fincov sysTem .
) dxfdt =2+ x)(y—x), dy/dt=(4—-x)(y+x)
b) dxfdt =x —x*—xy, dy/dt=3y—xy—2y*
¢y dxjdt=1-y, dy/dt=x*—y
) dxfdt =2+ y)(2y —x), dyfdt=(2-x)2y+x)
e) dxfdt=x+x*+y% dy/dt=y—xy
#) dxjdt=(1+x)siny, dyjdt=1—x—cosy
9)  dxfdt =x -y, dyjdt=y—x*
WY  dxjdt=1-—xy, dyfdt=x~—y>
() dx/fdt =—2x—y—x(x2+y2),
dyfdt =x —y+y(x*+?)
3) dxjdt=y -i—x(l ~x2—y?), dyjdt = —x+y(1—-x2—y?)
K) dx/dt‘=4—}f2, dyfdt = (1.5+x)(y — x)
L) dxfdt =(1-y)(2x—y), dyfdt=(2+x)(x—2y)
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