2 .a. Using the fact that Lle" f(1)] = L[ (1)]iases »

3! by
£} {E‘“‘W] = {3e?
S [

2 -¢. First consider the function
2(s — 1)
52 — 25427

Completing the square in the denominator,

Gls) = 26—
(s —1)" +1

It follows that
L7YG(s)] = 2¢' cost.
Hence

£t [c”"")“'(}’(s)] = 2¢c""Peos (t — 2) us(t)

24 . Write the function as

e ) e” o~

S &

I(s) =

o
v )

It follows from the translation property of the transform, that

-1 e (5‘“‘-’5 — (j--lis . C_.Lls

r = uy(t) + wa(t) — uy (t) — uy(t) .

(g



( 3 ) (a). By definition of the Laplace transform,

OO

L[ f(et)] m/ e f(ct)dt.
Y
Making a change of variable, 7 = ¢t, we have
I ;
LLo] = [ e (ryar
0

C

LY
= w/ e~ f(r)dT .
0

C
Hence L[ f(ct)] = L F (%), where s/c > a.

(b). Using the result in Part (a),

B[f(é)} = k F(ks).

£ [peesy - 1)

Hence

(¢). From Part (b),
1 [/t
e = — f 2
e = 215
Note that as -+ b = a(s + b/a). Using the fact that L™ f(t)] = LI/ ()] s »

43

L[ as + b)) = (f) .



4-2. Let h(t) be the forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain

s2Y (8) — sy(0) — y'(0) + 2[sY (s) — y(0)] + 2Y(s) = L[h(t)].
Applying the initial conditions,
SY(s) +28Y(s) + 2Y(s) = 1 = LIh(1)].

The forcing function can be written as h(t) = ug(t) — w:(¢) . Its transform is
—TN —2wa

L) = ——

Solving for Y'(s), the transform of the solution is

— s

1 y 7™ — et
242542 s(s?+2s+2)

Y (s) =

First note that

42542 (s 1) -
Using partial fractions,
1 11 1 (s+1)+1

s(2+25+2) 28 2(s+1)P+1

Taking the inverse transform, term-by-term,

~ 1 n 1 e T
L|———| =L|———| = ¢ sint.
8% 28 4+ 2 (s+1) +1

Now let
) 1
Gls) = s(s2 + 25+ 2)°
Then
: ' 1
LG (s)] = % ~ %a’”’cost — 5(?“’37'.711;.
Using "Bgas

L7 e G (s)] = ;l;uﬁ (t) — Ezc'"("“‘ eos(t — ¢) + sin(t — c)]u.(t).

4

Hence the solution of the IVP is

1 1 - , ) «
y(1) = e 'sint + S ln (t) ~ ic‘“““)[cos(t — 7) + sin(t — m)]ug(t) -

~ é’ugﬁ(t) + —e" U eos(t — 2m) + sin(t — 2m)uax(t) .



* This solution is for the forcing function S+ Fowp®) S (t—T)

4-3. Let h(t) be the forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain

52 Y(s) — sy(0) - y"(()_) + 4Y(s) = L[h(1)].

s2Y(s)+4Y(s) = L[h(t)].
The transform of the forcing function is
1 c—“ﬁ.\f

s 4 1 3 +1°

LIh(t)] =

Solving for Y (s), the transform of the solution is

Y(s) = ! + e
(s2+ (2 +1)  (sPH4)(s*+ 1)

Using partial fractions,

1 R 1
(s244)(s24+ 1) 3[s2+1 s2+4)

It follows that

L] ! | int 1 sin 2t
N = = | 8T e X A 1A N
(82 4)(s? + 1) 3 2

Based on Theorem 6.3.1,

—~78 l

: 1 ,
Lt {(si’ - j)(s-} - 1)} =3 [sin(t Mv T) — 3 sin(2t - 271')] wL(t).

Hence the solution of the IVP is

1 1 1 1 :
y(t) = 3 {sint ~3 sin 2(.] -3 [Si.n -+ 3 .‘3‘?:7‘1.2‘(] ux(t).



4-4. Let f(t) bethe forcing function on the right-hand-side. Taking the Laplace transform
of both sides of the ODE, we obtain

s2Y (s) — sy(0) — y'(0) + 3[s Y (s) — y(0)] + 2Y(s) = L[f(2)].
Applying the initial conditions,
SSY(s)+ 3sY(s) + 2Y(s) = L[f(t)].

The transform of the forcing function is

Solving for the transform,
1 (3«~1()s
}/' (S) = 9 s ¢ - 9 s 3 M
s(s24+3s+2)  s(s*+3s+2)

Using partial fractions,

1 o1 1+, 1 3 2
8(82 + 3s + 2) T 2ls s+2 s ‘{“’1,'

Hence

! 1 1 n ‘?_2{ o
s(s2+3s+2)] 2 2 s

| -10s ,
aL—\ e \ -2(+-10) -(t-no)>
hmaa) | = ZllTe e “ o)
) e~ _ 1. 5 o =10
y(t) = 5[1 — uy ()] + 5 ¢ ‘o ;2[@ (21-20) _ 90 D]y (t) .



4 -7 Taking the Laplace transform of both sides of the ODE, we obtain

— s —dws

Y (s) = sy(0) —y'(0) +4Y(s) = € c
s

S
Applying the initial conditions,

-8 e —3ns

SY(s) +4Y(s) = — = °
8

ls.

Solving for the transform,

. e
Y(s) = — , .
() s(s?2+4)  s(s?+4)

Using partial fractions,

L _ L s
s(s? + 4) T dls  s44l
Taking the inverse transform, and applying Theorem 6.3.1,
1 1
y(t) = 1 [l — cos(2t ~ 2m)|ua(t) - »I[l — cos(2t — 6m)]us(t)

| 1 7
= Zf[u"‘(t) — g (t)] — 1908 2 - [ug(t) — uaz(t)].

5-2. Taking the Laplace transform of both sides of the ODE, we obtain
s2Y(s) — sy(0) — y'(0) + 4Y (s) = ™™ — 7™,
Applying the initial conditions,
7Y (8) +4Y(s) = e ™ = eI,

Solving for the transform,

(;—ﬂs _ ()—QWS (;-Tm’ (1"‘2“‘
Yi(s) = ——— = = B :
(5) §2 44 s2 44 s244

Applying Theorem 6.3.1, the solution of the IVP is

N 1
y(t) = 5.97171(2“!, — 27 )u, (t) — 22"3'17?'(2t = A, (1)

1
= isin(’Zi;)[uw(t) - ’Ili-_),,(t)] .



5_6.

5-F. Taking the initial conditions into consideration, the transform of the ODE is

SY(8) +25Y(8) + 2V (8) = o + 7,

s 41
Solving for the transform,
s C—(wz s
Y(s) = (82 1)(s? + zs«w) + 2542
Using partial fractions,
8 1 s 2 s+4
D@ 12512 Bl rl S r1 S2r2ste)
We can also write
s+4  (s+1)+3
s24 242 (s 1)P417
Let
s
NE = i@ty
Then

h ¢

, 2 1 .
LYi(s)] = -'1; cost + = sint — = ¢ eost + 3sint].

) J O
= 3= LGt Z. Swt *-—’—C't(&/.'b 35114-l:>
5 t 2 5 +
-\ -1, s
+ A % e % “g

s2425+1

S~ —(e-L)

> = @ v%h(t—%)u&(t)

. Taking the Laplace transform of both sides of the ODE, we obtain

LY (s) — sy(0) = y'(0) + 4Y(s) = 27T,
Applying the initial conditions,= sy = i‘ e-C M) S
S+ 4

= y(t) = sm()l )u,,,/;(f) = — cos(2t) urp(t).

——)

2



