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Abstract

This paper is concerned with a class of dynamic network flow problems in
which the amount of flow leaving node i in one time period for node j is the
fraction p;; of the total amount of flow which arrived at node / during the
previous time period. The fraction p;; whose sum over j equals unity may be
interpreted as the transition probability of a finite Markov chain in that the
unit flow in state i will move to state j with probability p;; during the next period
of time. The conservation equations for this class of flows are derived,
and the limiting behavior of the flows in the network as related to the proper-
ties of the fractions p;; are discussed.
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1. Introduction

We consider a class of dynamic network flow problems in which the amount
of flow leaving one node, say i, in one time period for another node, say j, is a
certain fraction of the total amount of flow which arrived at node i during the
previous time period. Assuming that there is some tlow into the network in each
time period from outside the network, our problem is to find the limiting behavior
ot the flows in the network as time goes to infinity. In the case where the total
amount of flow in the network increases monotonically as time increases, we are
interested in determining the limiting behavior of the fraction of the amount of
flow in each arc to the total amount of flow in the network.

Related work on stochastic networks includes models of general queue networks
[1], pp. 215-218, and models of stochastic shortest paths [10], pp. 740-741. The
model in this paper, however, is most closely related to Markovian populat on
models. (See, for example, [4], pp. 469-490, [7], [8] and [9].)

2. Formulation of the problem

Let us consider a network G(N, A) which consists of a collection N of nodes
{1,2,---, H}, together with a subset 4 of ordered pairs (i, ) of nodes from N. Let
us denote by O the source node which supplies a certain amount of flow to each
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node. We assume that we are given p;;, a number associated with each arc (i,j)e N
such that

H
M j;l py=1,p,;20.

Let f(i,j; t) be the amount of flow that leaves i along (i,j) at time t and sub-
sequently arrives at j at ¢ + 1. Then the conservation equations for the class of
dynamic network flows we will study in this paper are recursively defined by

H
P [2 f(i,j;t)]pn=f(i,k;t+l), jkeN, t=01,2-
i=0

where the f(i,j; 0) = 0 for i, j € N are assumed given, f(0,j; ) = 0 is the amount
of flow that leaves the source at time t, and subsequently arrives at j at ¢ +1.
The £(0,j; t) are also assumed given for all j € N. We consider the foliowing three
cases of f(0,j; t).

Case 1:
(3) f(oyj;t)__'biy jeN,f=0,],2,“';
Case 2:

H
(4) f(oyj;t)=al z f(i’j;t)a jGN, t=192;“';
i=1

and

Case 3:
H H
5 f0,j;=X my X f(ki;t), jeN,t=12-;
i=1 k=1

where b; 20, a; 2 0 and m,; 2 0 are given constants.

While in Case 1 the amount of flow coming from the source to each node in N
is assumed constant, the incoming flows are assumed to be linear functions of the
amount of flow in the network G in Cases 2 and 3. In Case 2 the amount of flow
from the source to node j is equal to the amount of flow from nodes in N to node
j multiplied by a;. In Case 3 the amount of flow from the source to node j is
proportional to the weighted total of the amount of flow in the network G. If
m;; = m, in Case 3, f(0,; 1) is equal to the total amount of flow in the network
G multiplied by m,.

Our problem is to investigate the limiting behavior of f(i,i; t) as t goes to
infinity. In particular, we are interested in determining under certain conditions
the following quantities: (i)
©) S5 )4 lim £(i,ji 1)

t—= o
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for Case 1, and (ii)

H H

O] z;A lim f(i,j; ) [ X X f(k,1;1)

1~ © k=1 1=1

for Cases 1, 2 and 3.

Itis noted thzt the p;; defined by (1) may be interpreted as transition probabilities.
Thzt is, p;; could be the probability that the unit amount of flow in state i in the
present time period will be found in state j in the next time period. In this case
f(i,j; t) would be the expected amount of flow leaving i at time ¢, and hence
erriving ¢t j at t + 1, and our problem would be considered a cl:ss of network
flows defined on a finite Markov chain characterized by p;;. This is the interpret-
ation edhered to in the following sections of this paper.

It is also noted th-t summing both sides of (2) over k gives us

H H
® EO JG,jsn = El SU kst + 1)

where these equ. tions are the conserv.tion equ:tions for a special case of the
gener: | dyncmic flow problems studied in [2].

3. Limiting behavior of /' (i, j, )

We first consider a network G(N, A4) in which the node H is an absorbing state,
that is, py; = 1if j = H and 0 otherwise. Hence, any flow which has arrived at
H will remain there forever. Then we have the following theorem.

Theorem 1. Let H be an absorbing st-te. Assume that
3) f0,j;)=b;, jeN,t=0,1,2,--
holds, and that all eigenvalues of an (H — 1) by (H — 1) matrix
PA{p; 1S jSH-1)
are less than one in absolute value. Then lim,., f(i,k;!) exists for all
ie{l1,2,---,H — 1} and k€ N, and satisfies
H-1

© [b,+ 3 f(i,j;oo)]p,«k=f(j,k;oo), je{l,2,H—1}, keN.
1

i=

Remark.! The condition that P, has no eigenvalue on the unit circle is related
to the non-stoch:stic churacter of P;. See, for example, [5], pp. 94-103 and
Theorem 3.2 in purticul.r, and [6].

1 The author is indebted to the referee for this remark.
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Proof. Let x(t) be the amount of flow arriving at j at time ¢ + 1; that is,
H~-1
(10) x) =X fG,j0, je{l,2,--,H-1}
i=1

Noting that f(H,j; t) = 0 for je{1,2,---,H — 1} and all ¢, it follows from (2),
(3) and (10) that

H-1
11 di+ X puxi() =x0+1), ke{l,2,--,H-1},
j=1
where
H-1
(12) dy = ]E b P

Letting? x(f) = (x,(1),x5(1), -, xg—4(8))" and d = (d,,d,,---,dy_,)', (11) is
written in the vector form:

(13) x(t+ 1) = P{x(t) + d.
The general solution of (13) is given by

t—1
(14 X0 = @0 + (@) +1)d

where I is the (H — 1) by (H — 1) unit matrix. By assumption we have
lim,, . (P})' =0 and

lim (i (P;)'+1) = -Py)~L
1= t=1

(See, for example, [3].) Hence, by letting ¢ go to infinity on both sides of (14) we
have

15) x(0)A lim x(f) = (I — P))"'d
or t—* o
(16) x(0) = d + Pyx(c0).

Since x(o0) exists and since f(i,j; t) =2 0 for all i, j and ¢, the f(i,j; o) exist for
all i,je{l1,2,---,H —1}. Since we have from (2), (3) and f(H,j;1) =0 for
jef{1,2,---,H — 1} that

H-1
(7 [b,- + I fGdiD ]p,k = flk; 1+ 1),

je{1,2,---,H -1}, keN,
(9) follows by letting ¢ go to infinity on both sides of (17).

2 The prime denotes the transpose of a vector or a matrix.
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Example. Let H=4, by =1, b,=b; =0, p;, = p3; = p3s = 0.5,
p13=0.4, p,4,=0.1, p,,=1 and let all other p;; be zero. Then the equations (8) are
solved to give: f(1,2; ) = 0.5, f(1,3; o0) = 0.4, f(3,2; ) = f(3,4; ©0) =0.2,
f(2,4; 00) = 0.7, f(1,4; 00) = 0.1, and all other f(i,j;t) for i =1, 2, 3 and
j=1,2,3,4 are zero.

We now turn our attention to determining the fraction distribution z;; defined
by (7) of the flows over the arcs of the network. We need the following definitions
and theorem concerning non-negative matrices. (See [3] for a general treatment
of non-negative matrices, and see [5] and [6] for the implicztions of properties
of non-negctive matrices in finite Markov chains.)

Definition. A non-negstive matrix L is reducible if there is a permutation that
can place it in the form
(e o
c o

where B and D are square matrices; otherwise it is called irreducible. (An irreducible
Markov transition probability matrix corresponds to a process in which all
states communicate. See [5] for a further discussion of irreducibility.)

Definition. A non-negative matrix L is aperiodic (or acyclic or primitive) if
there exists a positive integer p (<o) such that I7 > 0.

Theorem 2. Let L be an H by H aperiodic and irreducible matrix and let
y(1) = (y4(1), y,(1), -+, yu(t))" be a solution to

(18) y(t+1) = Ly(t)

where y(0) is assumed given such that y,(0) = O for all i and such that there exists
at least one k for which y,(0) > 0. Then there exists a z =(z,,z,,*+,2g)" which
is independent of y(0) and such that

(19) z = lim 2:, y(0) [y,

t-oc i=1

and z satisfies the following system uniquely:

H
(20) [2:= z,z20, X z,~=1,lgOJ,
i=1
where A is a scalar. Furthermore, we always have z > 0 and A > 0.
It is shown thit the z and A which satisfy (20) are unique, and that A is the
maximum eigenvalue of L and z is the corresponding eigenvector. The proof of
this theorem is found in [3].

The following theorem is concerned with the z;; for Case 2 as defined by (4).
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Theorem 3. Let f(0,j; t) be given by (4), and let L be an H by H matrix
21 L={p;(1+a);ijeN}

where p;;(1 + a;) is the (j,i)th element of L. If L is aperiodic and irreducible,
then there exist z;; defined by (7) for i, je N, and these z;; are given by

(22) Zp = z(1+a;)pp
where z is the solution to (20), and

H
(23) ZJ = E Z,-j.

i=1

Proof. We have from (2) and (4) that

H
(24) [(1 +a) T G t)]p,-k = fGiks 1+ D).
Let
H
25) 70 = £ 1),

and let y(¢) = (y,(0), y,(0), -+, y()’. Then summing both sides of (24) over j
gives

H
(26) n(t+1) = 21 (L +a)puy, (),

j=

or in the vector form
(27) y(t+1) = Ly®.

By applying Theorem 2 to (27), it follows that there exists a

H
(28) 2= 1m [0/ T w0
t-+© i=1
where z is given by (20). (28) is equivalent to
H H H
(29) z; = lim [ 2 fLk;n] X X f(j,i;t)], keN.
t-o Li=1 i=1 j=1

Since all f(i,j; t) are non-negative, z;; defined by (7) must exist for i, je N, and
(23) follows from (29). It follows from (24) that

. . .
(30) (A +a)pp= S kst + 1] ZToy Zwey fhm; 1) ‘
TE S0 Ty ZE Um0
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Since the left side of (30) is const:nt, the limit of the right side of (30) exists as t
goes to infinity, and (22) follows immedi tely. The proof is complete.

A simil:r limiting property for Ccse 3 holds, and is stated in the following
theorem.

Theorem 4. Let f(0,); t) be given by (5) and let G be an H by H m-trix
H ,
(31) G = {gijépij + kz Mk Prjs i,jEN}
=1

where g;; is the (j, )th element of G. If G is aperiodic and irreducible, then there
exist z;; defined by (7) for i, je N, and these z;; are given by

H
(32) Zj= [ X myz+ Zj]ij,
i=1
where
H
(33) =X z

and where z is the solution to
H
39 [lz:Gz,ng, Y oz;=1, Ago].
Proof. 1t follows from (2), (5) that

H
(35) yk(t+ 1) = Z gikyi(t)s

i=1

where y(t) and g, are defined by (25) and (31) respectively. In vector form (35)
is written as

(36) yt+1) = Gy®.

Hereafter, by using an argument similar to that used in the proof of the previous
theorem, the proof of assertions (32)-(34) is straightforward.
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