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1 Implicit differentiation

The function z = f(z,y) obeys:
f(@,y) +sin(f(z,y)) = 2zy(z + 1)
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Solution

1. Find %(0, 0)

0
Applying P2 to f(z,y) +sin(f(z,y)) = 2zy(z + 1) gives:

0 0
)+ 2L ) coslf(a0) =20(20 4 1) (1 point)
Setting z = y = 0, we have:
0 0 0
7 (0,0)+ 22 (0,0)cos(£(0,0)) = 22.0,0) (1 + cos(7(0,0)) = 0
Here we have %(0, 0) =0 (1 point)
. O*f
2. Find 910y (0,0)
0 0 0
Applying o to a—i(x,y) + a—i(m,y) cos(f(x,y)) =2y(2z + 1) gives:
0? 0? 0 5}
S @)+ ) cos(F (o) = G () 5 () sin( (o) = 220+ 1)
Setting x = y = 0, we have:
o o of af, -
8x8y( ,0) + 8x8y(0’0) cos(£(0,0)) — %(0,0)a—y(0,0) sin(f(0,0)) =2
o f B
S (0.0) (14 cos((0,0)) =2
We have
o f 2 .
M(O,O) = T4 cos(F(0 00 cos(F(0.0)) (1 point)

(1 point)



2 Analysing critical points
Use the second derivative test to classify the critical points of f(z,y) = zy(x — 1)(y + 2). (6 points)
Solution
First derivatives:
fo=Qz—1)(*+2y)=0 (0.5 point) (1)
fy=(@*—2)(2y+2)=0 (0.5 point) (2)
EQ. (1) gives: y=0o0ry=—2or z =1/2.
e for y =0, EQ. (2) gives x = 0 or z = 1 = critical points (0,0) and (1,0) (0.5 point)
e for y = -2, EQ. (2) gives z = 0 or x = 1 = critical points (0, —2) and (1, —2) (0.5 point)
e for x =1/2, EQ. (2) gives y = —1 = critical point (1/2,1) (0.5 point)

Second Derivative Test:
fex = 2(y* + 2y); (0.5 point) fyy = 2(2* — ); (0.5 point) foy = (20 —1)(2y + 2)(0.5 point)

D(x,y) = fxa:(m,y)fyy(xay) - (fmy(x’y))z

Points  fix  fyy  (fay)® D(z,y) Conclusion

(0,0) 0 0 -2 —4 Saddle point (0.4 point)

(1,0) 0 0 2 —4 Saddle point (0.4 point)
,— — addle point (0.4 point

0,-2) 0 0 2 4 Saddle point (0.4 point)

(1,-2) 0 0 -2 —4 Saddle point (0.4 point)

, — — oc. max. (0.4 point
1/2,1 2 1/2 0 1 L 0.4 poi

z=xy(z —1)(y+2) z=azy(z —1)(y+2)
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