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1. A continuous random variable X is given by the following probability density function

f(x) =

{
1
4 + 1

2 |x| if − 1 ≤ x ≤ 1

0 otherwise

(a) Find the expected value E(X) of the random variable X (1 mark)
Solution:

E(X) =

∫ +∞

−∞
x f(x)dx =
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−∞
x
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4
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2
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)
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x
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2
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=
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∫ 1

−1
x dx+

1

2

∫ 1

−1
x|x| dx = 0

(b) Let F (x) be the cumulative distribution function for the random variableX. Find F (x) for 0 < x < 1.

(1 mark)
Solution:

• for x ∈]−∞;−1[

F (x) =

∫ −1
−∞

f(x)dx = 0

• for x ∈]− 1; 1[

F (x) =

∫ 1

−1
f(x)dx =

1

4

∫ 1

−1
dx+

1

2

∫ 1

−1
|x| dx = 1

• for x ∈]1; +∞[

F (x) =

∫ +∞

1

f(x)dx = 0

2. Is there any value of k for which the function f below is a probability density function? (2 marks)

f(x) =

{
2k

(k+x)(k−x) for 0 ≤ x ≤ 1
2

0 otherwise

If yes, find all such values of k. If there is no such k, explain why.
Solution:
First we integrate the function over ]−∞; +∞[ (definition of a PDF) so we have:∫ +∞

−∞

2k

(k + x)(k − x)
dx =

∫ 1
2

0

2k

(k + x)(k − x)
dx = 1

1



Here we use partial fraction:

2k

(k + x)(k − x)
=

A

k + x
+

B

k − x

From that we find that A = B = 1. So the integral becomes:∫ 1
2

0

2k

(k + x)(k − x)
dx =

∫ 1
2

0

1

k + x
dx+
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2

0
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k − x
dx = ln |k + x|
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∣∣∣∣ = 1 =⇒
k + 1

2

k − 1
2

= e =⇒ k =
1

2

(
e+ 1

e− 1

)
' 1.08

3. Do the following series converge or diverge (solutions on next page)?

(a)
∞∑

n=0

1
√
n
√
n+ 1

(2 marks)

(b)
∞∑

n=3

(
−1
5

)n

(2 marks)

(c)
∞∑

n=10

cos(πn) (2 marks)
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